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Introduction 

This  paper  is  concerned  with  the  study  of  equations  of  the 
form 

(1)  Lu  =  i|H.Au=0 

for  functions  u(t)  with  values  in  some  Banach  space,  as  well  as 
inhomogeneous  equations 

(2)  Lu  =  f 

and  slightly  perturbed  equations,  with  the  main  emphasis  on  the 
behavior  of  solutions  as  t  — >  +00 . 

In  case  A  is  the  generator  of  a  semi-group  such  equations 
have  been  studied  in  great  detail,  see  the  book  by  E.  Hille  and 
R.  Phillips  [1].  We  mention  also  the  book  by  Lions  [l]  which 
describes  much  of  the  recent  work  on  equations  (1),  (2).   We  shall, 
however,  treat  equations  for  which  the  initial  value  problem 
(prescribing  u  at  some  value  of  t)  is  not  necessarily  well  posed. 
In  particular,  we  consider  equations  arising  from  partial 
differential  equations  in  a  cylinder  (with  t  axis  along  the 
generator)  which  may  be  elliptic,  and  for  which,  therefore,  the 
initial  value  problem  is  indeed  not  well  posed.   The  operator  A 
then  represents  a  partial  differential  operator  in  the  variables 
in  the  base  of  the  cylinder.   Many  of  the  questions  treated  here 
grew  out  of  topics  considered  by  P.  D.  Lax  in  a  series  of  papers 
[1-3]. 
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In  connection  with  the  applications  to  differential  equations 
in  a  cylinder  it  is  convenient  to  suppose  that  u(t)  lies  in  a 
Banach  space  X  and  that  Lu  lies  in  Y,  XcY  and  |  lx  ^.  I  lY'  ^e 
operator  A  is  assumed  to  be  a  closed  operator  with  domain  D.  in  X 
and  range  in  Y.  By  a  solution  of  (2)  we  shall  mean  a  function 
u(t)  such  that  (i)  u(t)£D.  for  every  t  under  consideration; 
(ii)  u(t),  as  an  element  in  X,  is  strongly  continuous  in  t  and, 
as  an  element  in  Y,  strongly  differentiable,  with  Du  =  ■=■  ~ 
strongly  continuous  in  Y;  (iii)   Lu  =  f  holds.   It  will  be  clear 
that  it  will  often  suffice  to  assume  that  Du  is  absolutely 
integrable  in  every  compact  interval.  Furthermore,  in  case  X  and 
Y  are  Hilbert  spaces  and  Lp  estimates  are  considered,  the  solution 
may  (often)  only  be  a  generalized  solution  with  |u|x  and  |Du|„ 
square  integrable.   However  we  shall  not  bother  to  point  out  such 
generalizations. 

Chapters  1  to  4  are  concerned  with  the  general  theory; 
applications  to  partial  differential  equations  in  a  cylinder  being 
made  in  Chapter  5.  In  the  general  theory  we  treat  four  topics, 
all  but  Chapter  4,  which  is  concerned  with  the  regularity  of 
solutions  of  (2),  involving  the  behavior  of  solutions  at  infinity. 
Other,  natural,  questions  -  such  as  construction  of  fundamental 
solutions  -  are  not  treated.   In  this  connection  see  H.  Tanabe  [l] 
in  which  (2)  is  considered  with  A  =  A(t)  a  function  of  t.   For 
every  t,  A(t)  is  the  generator  of  a  semigroup,  and, under  suitable 
conditions,  Tanabe  constructs  a  fundamental  solution  for  the 
equation.   Throughout  the  general  theory  we  make  constant  use  of 
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the  following  methods:   Fourier  transform,  and  Parseval ' s  theorem 
in  case  X,  Y  are  Hilbert  spaces,  some  elementary  complex  variable 
theory,  in  particular,  Phragmen-Lindelttf  theorems  and  contour 
deformations;  we  also  use  the  Paley-Wiener  theorem.   In  each 
chapter  we  present  a  variety  of  related  results  only  a  few  of 
which  are  applied  in  Chapter  5.  These  are  given  to  illustrate  the 
techniques  employed.  Indeed  the  techniques  are  often,  to  us,  of 
greater  interest  than  the  results,  and  it  is  hoped  that  they  will 
be  suggestive  to  others,  and  that  some  of  the  ideas  indicated  here 
will  be  developed  further  -  especially  for  operators  varying 
with  t.  All  the  arguments  and  results  employed  here  in  the  general 
theory  are  fairly  elementary,  with  the  possible  exception  of  the 
Mihlin  multiplier  theorem  of  §3. 

The  main  assumptions  throughout  the  paper  are  concerned 
with  the  region  of  regularity  in  the  complex  A  plane  of  the 
resolvent  of  A 

RU)  =  R(A;A)  =  (M-  A)"1 

considered  as  a  map  of  Y  into  X,  as  well  as  conditions  on  the 
behavior  at  infinity  in  this  region  of  the  norm  |R(A)|X  (or 
I R( A ) J Y)  as  a  bounded  mapping  from  Y  into  X  (or  Y).   (When 
considering  solutions  on  the  semi-infinite  line  t  >   0,  and  blowing 
up  at  most  exponentially,  the  behavior  of  R(M  in  only  a  half 
plane  Im  A  >  constant  enters,  while  in  studying  solutions  on  a 
finite  interval  we  use  information  about  R(A)  in  regions  in  upper 
and  lower  half  planes.)  In  the  applications  we  study  operators 
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of  higher  order  which  we  reduce  to  first  order  operators  L  by 
introducing  the  derivatives  with  respect  to  t  of  a  function  as  new 
unknowns.   In  doing  so  the  range  of  the  corresponding  first  order 
operator  L  acting  on  the  function  u,  and  its  derivatives  will  in 
general  be  confined  to  a  subspace  S  of  Y  and  one  is  usually- 
interested  in  the  behavior  of  (AI  -A)~  restricted  just  to  this 
subspace.  For  this  reason,  in  the  abstract  theory,  we  introduce 
also  the  restriction  Ro(A)  of  R(A)  to  a  closed  subspace  S  of  Y, 
and  postulate  that  Rq(A)  be  holomorphic  with  respect  to  A  on  its 
region  of  existence.  A  more  precise  motivation  for  the 
introduction  of  the  operator  RS(A)  is  given  in  §2. 

Chapter  1  is  concerned  with  stability  at  t  — >  +00  of 
solutions  of  (2);  we  consider  a  slightly  perturbed  equation 
expressed  in  the  form 

(3)  |Lu|x  <  <j»(t)|u|x  +  b(t) 

where  b(t),  <|>(t)  are  scalar  valued  functions  and  <l>(t)  tends  to 
zero  with  some  rapidity.   Assuming,  say,  that  b  dies  down 
exponentially  and  that  |u|x  belongs  to  Lg  we  give  conditions 
assuring  that  |u|x  then  also  dies  down  exponentially.   Thus  we 
prove,  in  the  notation  of  Lax  [3]  an  abstract  Phragmen-Lindelfif 
principle.   Here  we  assume  (Theorem  1.4)  that  X,  Y  are  Hilbert 
spaces  and  that  R(A)  (or  Rg(A))  is  regular  and  bounded  in  a  strip 
0  <  Im  A  <  a  in  the  complex  plane  except  for  a  finite  number  of 

poles  on  the  real  axis;  the  function  <|>  is  then  required  to  decay 

-k 
like  t   where  k  is  the  maximal  order  of  the  poles. 
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In  Chapter  2  we  assume  that  R(A)  is  meromorphic  in  the  upper 

half  plane  (or  in  a  suitable  large  strip  therein)  and  derive  in 

§4  and  §5  asymptotic  formulas  for  solutions  of  (1)  for  t  >   0  as  an 

infinite  series  of  exponential  solutions.   We  shall  call  a  solution 

IX  t 
of  (1)  of  the  form  X^)  =  e    P(*)j  where  p(t)  is  a  polynomial 

in  t  with  coefficients  in  X,  an  exponential  solution.   It  is  easily 

seen  that  a  necessary  and  sufficient  condition  for  X{t)   to  be  a 

solution  with 

/  .  .  \ m- 1 

p(t)   =  <J>m  +  it*m-l+  •'•  +Th5t7T-  *1   *  with     *1  ^  °   ' 

is  that  A  is  an  eigenvalue  of  A,  and  (A  -^q)^  =  °> 

(A-  X  )<(>.  =  <J>,  , ,  j  =  2,...,m;  m  is  called  the  index  of  the 

0  J    J"1  ivt 

exponential  solution.   It  follows  that  Xk(t)  =  e    Pk(t),  for 

k  =  l,...,m-l,  are  also  solutions,  where 

, . .  vm-l-k 

Pk(t>  -  tktltWit-M.ln)    h  ■ 

The  functions  K  are  called  the  associates  of  X-   It  is  readily 
seen  that  the  m-dimensional  space  spanned  by  X  and  its  associates 
coincides  with  the  space  spanned  by  X(t)  and  its  derivatives 
JL   ^  (t);  this  is  also  the  space  spanned  by  the  translates  X(t+S) 
of  X(t). 

Under  suitable  conditions  the  asymptotic  formulas  are  proved 
to  hold  also  for  certain  complex  values  of  t  (Theorem  2.3,  where 
it  is  shown  to  be  analytic  in  t).   These  enable  us  (Theorem  2.4) 
to  give  lower  bounds  for  |u(t)|«  showing  that  solutions  cannot 
decay  with  arbitrary  speed. 
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In  §6  we  present  a  result  called  an  abstract  Weinsteln 
principle  which  asserts,  under  suitable  conditions  that  any 
solution  of  (1)  on  the  entire  line  -oo  <  t  <   oo  blowing  up  at  most 
exponentially  at  ±00  is  a  finite  sum  of  exponential  solutions. 

In  §7  we  discuss  completeness  on  t  >   0  of  exponential 
solutions  belonging  say,  to  L2  among  all  L2  solutions.  Here  R  is 
assumed  to  be  meromorphic  in  the  upper  half  plane,  and  a  notion 
of  lower  order  of  R(A)  is  employed.   We  also  consider  completeness 
of  all  exponential  solutions  among  solutions  on  a  finite  interval, 
assuming  R(A)  to  be  meromorphic  in  the  whole  plane. 

Chapters  1  and  2  should  be  read  together. 

In  Chapter  3,  entitled  "unique  continuation  and  lower  bounds 
at  infinity"  we  attempt  tp  show  under  various  conditions  that  a 
solution  of 

(3)'  |Lu|x  <  4>U)|u|x 

cannot  decay  too  rapidly  at  infinity  unless  it  is  identically  zero 
for  large  t.   In  §8  we  consider  the  finite  "backward"  Cauchy 
problem:   assuming  u(T)  =  0  for  some  T  we  show  that  u(t)  =  0  for 
t  <   T.   In  §9  we  present  some  results  ensuring  that  a  solution  u 
of  (3)'  which  is  0(ea  )  as  t  — >  +00  for  every  a  is  identically 
zero  for  large  t.   In  the  remaining  §§10,  11  of  Chapter  3  we  give 
lower  bounds  for  solutions  (via  convexity  arguments)  under  various 
hypotheses. 

Chapter  3  is  essentially  self-contained  and  may  be  read 
independently  of  the  remainder  of  the  paper;  the  results  are  not 
applied  in  Chapter  5  since  the  theorems  they  yield  for  partial 
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differential  equations  seem  rather  special.   We  hope  however  that 
the  techniques  will  encourage  further  research  in  this  direction. 

Chapter  4,  which  is  also  self-contained,  is  concerned  with 
the  differentiability  or  analyticity  of  solutions  of  (2)  assuming 
f  to  be  differentiable  or  analytic.   We  prove  necessary  conditions, 
and  present  sufficient  conditions  which  are  not  far  removed  from 
the  necessary  ones.   The  necessary  conditions  are  obtained  by 
employing  the  "closed  graph  theorem"  in  a  suitable  space,  while  the 
proofs  of  sufficiency  use  Fourier  transform  and  elementary  complex 
variable.   The  results  should  be  extended  to  equations  in  which  A 
is  allowed  to  vary  with  t. 

In  Chapter  5  we  apply  the  abstract  theory  to  a  class  of 
partial  differential  operators  in  a  cylinder  which  we  term 
"weighted  elliptic".   These  include  elliptic  operators  as  well  as 
a  large  class  of  parabolic  operators.   The  basic  estimate  which 
enables  us  to  apply  the  preceding  theory  is  given  in  Theorem  5.4. 
In  proving  completeness  of  exponential  solutions  we  also  use 
Theorem  5.4'  which  is  based  on  a  recent  result  of  Agmon  [2].   In 
§§13-16  we  present  the  basic  properties  of  weighted  elliptic 
operators,  which  are  derived  from  results  for  elliptic  boundary 
value  problems.   Section  15  contains  some  remarks  that  are  of 
interest  for  general  elliptic  boundary  value  problems  in  a  bounded 
domain.   In  §§17,  13  we  investigate  asymptotic  series  and  complete- 
ness of  exponential  solutions  for  equations  with  coefficients 
independent  of  t,  as  t  — >  oo ,  and  in  §19  we  consider  the  stability 
question  of  exponential  decay  in  slightly  perturbed  equations.   The 
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results  are  used  to  indicate  how  one  might  show  that  the  space  of 
solutions  of  a  homogeneous  elliptic  boundary  value  problem  in  an 
unbounded  domain  —  the  solutions  satisfying  some  growth  condition 
at  infinity  —  is  finite  dimensional.   An  example  is  given  at  the 
end  of  §17  showing  that  in  general  this  need  not  be  the  case. 

We  wish  to  express  our  thanks  to  Peter  Lax  for  many 
stimulating  and  illuminating  comments  and  to  Lars  Hfirmander  for 
a  number  of  useful  suggestions. 


Chapter  I 
Stability  at  Infinity  and  Exponential  Decay 

1.  A  preliminary  result 

In  this  chapter  we  are  interested  in  the  behavior  near 
infinity  of  solutions  of  (3),  the  |  |„  norms  of  the  solutions  being 
assumed  to  belong  to  L  for  some  p  >  1  (in  case  X  and  Y  are  Hilbert 
spaces  we  may  set  p  =  2),  or  to  L^  (bounded  measurable  and  tending 
to  zero  as  t  — >  oo  ) .  In  particular,  we  seek  conditions  on  A  to 
ensure  exponential  decay  (in  L  )  of  solutions  of  (3)  with  b  =  0, 
i.e.  an  abstract  Phragme'n-LindelSf  principle.  We  shall  present 
several  results  in  this  direction. 

We  begin  with  an  abstract  version  of  Theorem  2.2  of  Lax  [3] 

-  having  essentially  the  same  proof.  In  this  theorem  we  permit  A 
to  depend  on  t,  A  =  A(t)  and  then  require  that  u(t)  belong  to  D.,.% 
for  every  t. 

Theorem  1.1:   Suppose  that  for  every  function  v(t)  vanishing  at 
t  =  0,  with  |v(t)|x  and  |Lv(t)|y  belonging  to  L  on  t  >  0,  the 
inequality 

(1.1)  Hv(t)lxlL  1  C I  I Lv I  I 

P  P 

holds,  for  some  p  >  1  and  some  fixed  constant  C.  Here  IbL 

"   Lp 

represents  the  L  norm  (in  t)  of  the  scalar  valued  function  b ( t ) . 

Let  u(t)  be  a  solution  of 

(1.2)  |Lu(t)|y  <  c|u(t)lx+b(t)  ,        t>0 


. 
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with  |u(t)|v€L  .   If  c  <  C"1  and  if  |eatb(t)L   <  oo  for  some 
x   p   —        Lp     

positive  number  A  then  for  every  positive  number  &  <_   a  satisfying 
(cr+c)C  <  1  the  L  norm  of  e^luUJL  is  finite  and,  in  fact, 

P  A  '   '    '   ■ 

00  1 

f    ep<rt|u(t)|P  dt  <  kx  y|u(t)|P  dt  +k2|ed'tb(t)|P   , 
10  P 

where  k,,  k2  are  constants  depending  only  on  C,  c  and  cr. 

Proof:  For  any  number  T  >   1  let  x(t)  ^   t  be  a  real,  continuously 
differentiable,  monotonic  function  of  t  which  equals  t  for  t  <  T, 
is  constant  for  t  >  T+l,  and  satisfies  ~  <  1.  Let  C(t)  be  a 
continuously  differentiable  monotonic  function  vanishing  at  the 
origin,  and  equal  to  one  for  t  >  1,  with  •£■£  ^   2.   If  we  apply  (1.1) 
to  the  function  v  =  £(t)e  Tu(t)  we  obtain  the  inequality 


IICe^ulxlL  <  C||L(^Tu)|YlL 
P  P 

<C|^T|Lu|YlL    +C|§|e°*T|u|ylL    +C«|C^|u|rlL 

P  P  P 


J&Cx 


<  CcKeJt|u|xlL    +cUeOTb|L 
P  P 


2Cec 


j. 
/|u(t)|i 


fl/p 


dt 


u     0 


+  Ccr|Ce°'T|u|xlL 


by  (1.2).   Hence 


<rt, 


l-C(cf+c)  |CeTT|u|xlL  lC|e^b|L  +20^ 
P  P 


/  \<A 


? 

0 


1/p 


Since  this  is  true  for  any  T  we  find  on  letting  T  — >co,  so  that 

T  — +   t, 


. 
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(1-  C(  y+c)  JlCe^luLL  <   same  right-hand  side  , 
X  LP  " 

from  which  the  desired  result  follows. 

In  subsequent  theorems  of  Phragmen-Lindelttf  type  we  shall 
make  hypotheses  concerning  the  resolvent  R(A)  =  (AI-A)~  of  A, 
regarded  as  a  mapping  from  Y  into  X.  We  note  here  that  (1.1) 
yields  some  estimates  for  the  norm  of  (A  -A)"  (for  convenience 
we  shall  omit  writing  the  identity  operator  I).  For  instance,  if 
A  is  real  and  u  is  any  vector  in  D»  then,  for  any  differentiable 
function  C(t)  with  compact  support,  we  have,  by  (1.1), 

IC|u|xlL  =  |eiAtUu|xlL  <  C||L(e1AtCu)|YlL 

<  C||CU-A)u|YlL  +C||§  |u|y|L   . 
P  P 

Thus 

|u|xUU)|L  <  C|U-A)u|YUIL  +C|u|x||||L   . 

P  P  P 

Choosing  for  £  a  function  which  vanishes  at  the  origin,  is  equal 
to  one  on  a  long  interval,  and  then  goes  down  to  zero  again,  we 
find  easily  that 


|u|x  <  C|(A-A)u|Y  . 


From  this  it  follows  that  if  some  real  number  belongs  to  the 
resolvent  set  of  A  then  every  real  number  does,  and  the  norm  of 
the  resolvent  R(A),  as  a  mapping  from  Y  into  X,  is  bounded  by  C 
for  real  A.   (In  case  X  and  Y  are  Hilbert  spaces,  and  p  =  2,  one 
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sees,  with  the  aid  of  Plancherel's  theorem  that  such  a  bound  on 
the  resolvent  implies,  in  turn,  (1.1).) 

2.  Equations  of  higher  order 

In  the  following  sections  we  wish  our  results  to  be 
applicable  also  to  differential  equations  of  arbitrary  order.  As 
we  shall  see  a  certain  difficulty  arises.   Consider  an  equation  of 
order  i  of  the  form 

(2.1)  Lu  =  D£u   +  rZ  A.Di_Ju  =  f 

0=1   J 

where  the  A.  are  operators.  We  have  in  mind  the  situation  where 
the  A.  are  differential  operators  of  orders  jd,  j  =  1,...,£,  for 
some  integer  d,  acting  on  functions  of  some  other  variables.   In 

this  context  it  usually  makes  sense  to  require  that  the  different 

i  ** 

derivatives  DJu(t)  belong  to  different  spaces  B.,  j  =  0,...,m, 

with  Brt  c=.  B-  d  ...  CB,. 
o    1         I 

We  shall  thus  consider  Banach  spaces  B.,  j  =  0,...,£, 

BQc:  B1  <=.   ...  cz.  B^  with  norms  |u|  .  >  |u|  ,  - ,  J  =  0, . . .  ,4-1,  and 

assume  that  each  A .  is  a  closed  operator  with  domain  in  B„  .  and 
J  *-J 

range  in  B«,    j  =  1,...,£.   We  also  assume  that  there  is  a  constant 
K  such  that 


lAjulj  <  K|u|^_j  ,    for  j  =  1,...,£-1 


so  that  these  operators  are  continuous.  As  a  function  of  t,  u(t) 

<\,  ~ 

is  to  be  strongly  continuous  in  B  and,  as  an  element  in  B.,,  to 

be  strongly  differentiable  with  Du  strongly  continuous  in  B,  and, 
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1  **  />  1 

generally,  DJu  strongly  continuous  in  B.  for  $<_!,',   also  D  Ju  Is 
supposed  to  be  in  the  domain  of  A.. 

Equation  (2.1)  may  be  written  as  a  first  order  system  in  the 
usual  way  by  introducing  new  dependent  variables 


the  system  being 
(2.1)' 


u.  =  DJu  ,  j  =  0,...,j6-1 


DUj  -  uj+1  =  0  ,  j  =  0,...,J?-2 


Setting  now  U  =  (u , ...,Ug  ,)  the  general  inhomogeneous  system 
LU  =  DU  -  AU  =  F,  F  =  (fo,...,f^_1),  takes  the  form 

Duj  Wi =  f J  '        j  =  °'"" J-8 

(2.2) 

DU^I  +  X^I  A|.jUj  -  f^  , 

the  operator  A  being  defined  in  this  system.  Here  u.(t)  is 
strongly  continuous  in  B,,  in  the  domain  A»  .,  and  with  Du.(t) 
strongly  continuous  in  B.  , .  We  observe  that  if  U  is  a  solution 
of  (2.2)  then  its  components  satisfy 

(2.3) 


. 


. 


.    . 
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Set  X  =  B^B^,..  x  Bi-i»  Y  =  Bi  *  B2  *  *  '  *  %Bb>    with  norms 

£-1   ~  .0-1  -v 

lUlx'VlujIj,  lUly-^ZIUjIj^. 

Let  us  now  attempt  with  the  aid  of  Theorem  1.1  to  derive  an 
analogue  of  the  theorem  for  the  operator  L.  An  obvious  analogue 
of  (1.1)  is  the  assumption  that  for  every  v  with  |DJv(t)|  . 
vanishing  at  the  origin,  for  j  <  I,   and  belonging  to  L  for  t  >  0, 
with  |LvL  in  L  the  inequality 

(2.4)  II^Tdjv|.|l  <  c|Tlv|^|l 

holds  for  some  p  >  1. 

Theorem  1.1* ;   Let  u(t)  be  a  solution  of  the  differential 
inequality 

(2.5)  TluUHj  <  c  r~  TDJu(t)|  ^   +  b(t)  , 

with  cC  <  1,  and  assume  that  the  right-hand  side  of  (2.5)  belongs 
to  L  for  t  >  0,  while  eatb(t)  belongs  to  L  for  some  a  >  0.   Then 
there  exist  positive  constants  k, ,  kp  and  cr   <■  a  depending  only  on 
C,  c,   m  and  K  such  that  for  T  >  1 


CO 

o-T 
e 


/  (g  TdJuIjJ  dt  <  kl  /(g  lAltllJ  at  +k2|e°\(t)|£p. 

Theorem  1.1  may  be  proved  in  the  same  manner  as  Theorem  1.1. 
However  if  we  attempt  to  derive  it  directly  by  applying  Theorem 
1.1  to  L  with  A  mapping  a  domain  in  X  into  Y,  we  see  that 


. 
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condition  (1.1)  is  not  satisfied,  i.e.  (2.4)  does  not  imply  (1.1). 
By  (2.3)  we  see  that  inequality  (2.4)  implies  (1.1)  only  for  those 
v(t)  in  the  domain  of  L  such  that  the  first  m-1  components  of  Lv 
vanish.   This  suggests  modifying  Theorem  1.1  in  a  suitable  way  so 
that  we  consider  only  functions  u(t)  for  which  Lu(t)  lies  in  a 
certain  linear  subspace  of  Y.  But  then  the  proof  of  the  theorem 
presented  above  will  not  work,  for  at  one  point  we  apply  inequality 
(1.1)  to  £(t)  times  the  function  u(t),  and  if  Lu  belongs  to  the 
required  subspace  the  function  L(£u)  need  not.   Thus  we  are  led 
to  make  the  following 

Hypothesis:   Let  S  be  a  closed  subspace  of  Y.  Assume  that  there 
is  an  operator  £•  defined  for  functions  u(t)  on  t  >  0,  with  Lu(t) 
in  S  for  every  t,  such  that: 

(i)   v(t)  =  (C*u)(t)  equals  u(t)  for  t  >  1  , 
(ii)   v(t)  vanishes  for  t  _^  0  , 
(iii)   Lv(t)  also  lies  in  S  , 
(iv)    |Lv|y  <  K(|Lu|v  +  |u|y),   for  0<t<l, 

where  K  is  a  fixed  constant  independent  of  u. 

In  extending  Theorem  1.1  we  remark  that  it  is  often  useful 

in  practice  to  consider  solutions  of  more  general  differential 

inequalities 

N  N 

(2.6)      |Lu(t)|y  <   c  YZ   |PjU(t)|x+c  YZ   lQju(t)|y  +  b(t)    ,      t>0, 

where  each  P.  (Q.)  is  an  operator  with  domain  in  X  containing  the 
J   J 

domain  of  A,  and  with  range  in  X  (Y).   We  wish  then  to  prove 
exponential  decay  not  only  for  |u(t)lx  but  also  for  |P,u(t)|x 
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and  |Q,u(t)|Y.   Naturally  we  shall  have  to  assume  a  stronger  form 
of  Inequality  (l.l).  We  shall  always  assume  that  one  of  the  P., 
say  ?lf is  the  identity  operator,  and  shall  use  the  notation 

(2.6)'        ||u(t)||  =  )ZZ   |PjU(t)lx+r-  |QjU(t)|y  . 

We  now  formulate  our  modification  of  Theorem  1.1. 

Theorem  l.l":   Let  S  be  a  closed  subspace  of  Y  and  let  u(t)  be  a 
solution  of  (2.6)  such  that  Lu(t)  lies  in  S  for  every  t.  Assume 
also  that  for  every  function  v(t),  with  v(0)  =  0  and  Lv(t)  in  S, 
such  that  |Lv(t)|Y  and  ||v(t)||  belong  to  L  on  t  >  0,  the  following 
inequality  holds:   for  some  p  >   1  and  some  fixed  constant  C. 


(2.7)  ll|v(t)||  |    <  C||Lv(t)|y|    . 

P  P 

Assume  that  |ea  b(t)|T   <  co  for  some  positive  number  a.  Under 
Lp      

our  hypothesis  of  a  £*  operator,  if  cC  <  1,  there  exist  positive 

constants  of,  k,,  k2  depending  only  on  C,  c  and  K  such  that  for 

T  >  1 

oo  1 

e*T    f    ||u(t)||pdt  <  kx  J    ||u(t)||p  dt  +  kgle^btt)!^  . 
T  0  P 

Theorem  l.l'  follows  from  Theorem  l.l"  if  we  set  P,  =  I  and 
all  other  P.  =  Qk  =  0,  and  take  for  S  the  vectors  whose  first  m-1 
components  vanish,  and  define  £.U  =  (pu0,D(puQ), . . . ,Dm_1(pu0) ) ; 
here  p(t)  is  a  nonnegative  monotonic  C00  function  vanishing  for 
t  <  0  and  equal  to  one  for  t  >  1. 
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The  proof  of  Theorem  l.l"  will  be  slightly  different  from 
that  of  Theorem  1.1.   It  is  based  on  the  following  well  known 
lemma  whose  proof  we  omit  -  though  the  lemma  will  be  used 
repeatedly. 

Lemma  1.1;  If  a(t),  P(t)  are  continuous  nonnegative  decreasing 
functions  for  t  >   0  satisfying 

a(t)  <  P(t)  +c'(a(t-l)  -  a(t))  ,      tM  , 

for  some  positive  constant  c1 ,  then  for  t  >   1, 

OD 

e^att)   <  Cl(a(0)-a(l))  +Cl    f    ecrtP(t)dt 

1 

where  c, ,  cf   are  constants  depending  only  on  c '  -  provided  the 
right-hand  side  is  finite. 

Proof  of  Theorem  l.l";   In  virtue  of  the  lemma  it  suffices  to  show 
that 

co  co  T+l 

f    ||u(t)||Pdt  <  k'  f     |b(t)|pdt+k'  f      ||u(t)||pdt 
T  T-l  T 

for  some  constant  k1  =  k'(C,c,K).  This  inequality  follows  (by 
translation)  from  the  inequality  for  T  =  1;  thus  we  consider  only 
T  =  1.   Setting  v  =  C*u  and  applying  (2.7)  we  find  that 


<  ■    '■ 
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CO  00  oo 

f    «u(t)||Pdt<    f     ||v||pdt<Cp    f     |Lv(t)|pdt 
10  0 

oo  1 

<  Cp    f     |Lu|Pdt+CpKp    f    (|Lu|Y+|u|Y)p  dt     by   (iv) 

1  0 

oo  1 

<  Cp    J    (c||u||  +  b)p  dt+CpKp    f  ((c+l)||u  ||  +b)p  dt 

1  0 

by  (2.6).   Since  cC  <  1  we  conclude  that 

oo  oo  1 

f     ||u||p  dt  <  k1     J    bp  dt  +  k'     f     ||u||p  dt   . 
1  0  0 

This  is  the  desired  result  for  T  =  1. 

Note:  Throughout  the  remainder  of  the  paper  whenever  we  consider 
functions  u(t)  with  Lu  in  S  we  shall  assume  that  our  £•  hypothesis 
holds.  We  shall  also  assume  this  to  be  true  for  operators  of  the 
form  L+al  with  any  constant  a. 

The  set  of  values  A  such  that  (A -A)"  is  a  bounded  map 
defined  on  all  of  S  into  X  will  be  called  the  S-resolvent  set  ps 
of  A j  its  complement  is  called  the  S-spectrum  of  A.   On  ps,  (A-A) 
will  be  denotes  by  Rg(A)  =  Rg(A;A).   If  S  were  all  of  Y  we  could 
assert,  in  the  usual  way  that  Rg(A)  is  an  analytic  operator  valued 
function  of  A  in  pg.  However,  for  S  ^  Y  this  may  not  be  the  case. 
Nevertheless,  for  the  situation  we  have  in  mind  -  of  a  first  order 
system  derived  from  an  equation  of  order  m,  where  S  consists  of 
vectors  whose  first  m-1  components  vanish  -  Ro(A)  is  analytic. 
Therefore  we  shall  postulate  that  Rg(A)  is  analytic  in  pg. 
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We  shall  denote  by  |RS(A)|X  (|Rg(A)|y)  the  norm  of  Rg(A)  as 
a  mapping  from  S  into  X  (Y),  dropping  the  subscripts  whenever 
X  =  Y  =  S. 

Returning  again  to  the  operator  L  we  may  obtain  as  before, 
the  following  consequence  of  (2.4):  for  utB  and  in  the  domain 
of  each  operator  A  ,  the  following  holds: 

i-1  ~  ,  «v  -    I     t    . 

I        |aju|  .  <   constant  |.(X-  +  T~  A.A£_J)u|  .   ,     A  real  . 

j=o     J  T    3  * 


If  now  A  is  the  operator  occurring  in  the  system  (2.2)  and  if 
U-A)U  =  P,  A  real,  it  follows  that 

|U|X  <   constant   (K+l)  [Tf^lj  +  IZ    £Z   '  X' j"k|  fk-l' J    ' 
Thus 

i^lx  —  constant  (K+l)|P|y  if  F  is  in  our  space  S  , 
while  in  general 

|U|X  <  constant  (K+l)(l+  |  A| m~:L )  | f|  Y  for  A  real. 

We  see  therefore  that  if  we  do  not  restrict  ourselves  to  S  the 
resolvent  may  grow  like  a  polynomial  on  the  real  axis.   In  some  of 
our  subsequent  results  this  additional  growth  will  be  harmless, 
and  we  shall  then  state  our  results  without  considering  S,  i.e. 
by  permitting  S  to  be  all  of  Y. 

When  considering  (2.6)  we  shall  denote  P,Rg(A)  by  P  g(A), 
or  simply  by  P. (A)  if  S  =  Y;  if  it  is  a  bounded  operator  of  S  into 
X  its  norm  will  be  denoted  by  |P.S(A)|X.   Similarly 
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Q.RS(A)  =  Q.gU),  or  simply  QjU)  if  S  =  Y;  its  norm  as  mapping 

from  S  into  Y  will  be  denoted  by  |Q.Q(A)|V.   We  set 

Jo     x 

(2.8)         K(A)  =  ZZ    lPjS(A)lx  +  SZ  lQjS(A)|Y  ' 

In  practice  when  A  is  a  differential  operator  acting  in  some 
function  space  the  operators  P.,  Q.  will  also  be  differential 
operators  -  of  lower  order  in  general.  For  simplicity  we  shall 
state  our  results  without  the  operators  P.,  Q.  -  indicating  by 
remarks  afterwards  how  the  results  can  be  extended  to  include  them. 

The  behavior  of  the  resolvent  Ro(A)  will  play  an  important 
role  in  our  analysis  of  solutions  u  of  Lu  =  0.  It  may  occur  that 
for  some  linear  operator  P  whose  domain  contains  the  domain  of  A, 
and  with  range  in  X  (or  Y)  that  PR(A)  can  be  extended  as  a  regular 
analytic  (bounded)  operator  valued  function  in  a  region  in  the 
complex  plane  which  is  larger  than  ps.  This  will  be  reflected  in 
the  behavior  of  Pu.   (Again  we  have  in  mind  the  case  where  X  is  a 
space  of  functions  defined  on  some  domain  in  a  Euclidean  space, 
and  Pu  is,  say,  a  restriction  of  the  function  u  to  some  subdomain. ) 


3-  Stability  at  infinity 

In  this  section  we  assume  that  X  and  Y  are  Hilbert  spaces. 
We  use  the  notation  of  §2  (see  in  particular  (2.8)).  Our  first 
extension  of  Theorems  1.1  and  l.l'  is 

Theorem  1.2:  Assume  that  RS(A)  exists  for  all  A  in  a  strip 

-e  <  Im  A  <  a,  for  e,  a  >   0,  except  possibly  for  a  finite  number 

of  real  points  A. ,  i  =  1, . . . ,m  which  are  poles  of  R„(A),  and  assume 
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that  the  norm  |RSU)IX  =  0(1)  for  |a|  — >  00  In  the  strip.   (For 
Instance  If  S  =  Y  this  will  follow  If  Rg(A)  exists  on  the  whole 
real  axis  except  for  the  poles  at  A.,  and  has  bounded  norm  |RS(A)|X 
as  |a|  — >  00  on  the  axis. )  Let  k  denote  the  maximal  order  of  the 
poles.  Let  u(t)  be  a  solution  with  |u(t)|x  in  L2  for  t  >  0  of 

(5.D  |Lu|Y  <   C  r  |u|Y  +  b(t) 

*   (l+t)k    X 

where  c  is  a  constant  and  b(t)  is  a  function  such  that  ea  b(t) 
belongs  to  Lp  for  some  positive  a'  <  a. 

Conclusion:   There  exists  a  positive  number  c ■  depending  only  on 

1  a '  t  1 
the  operator  A  such  that  if  c  <   c'  then  |e   u|x  belongs  to  L-,   in 

fact 

co  1  00 

(3.2)  f    (ea,t|u|x)2  dt  <  C  f     |u||  dt  +  C  f     |ea,tb(t)|2  dt 
0  0  0 

where  C  is  a  constant  depending  only  on  A,  a'  (and  the  constant  K 
of  (iv)  in  §2).  If  we  merely  assume  that  (l+t  )b(t)  £Lp  then 

[J.2)1      J     |u(t)|2dt<C    J    |u(t)|xdt+C    J      |(l+t)kb(t)|2  dt    . 
0  0  0 

It  is  clear  that  it  suffices  to  assume  (J.l)  only  for  t 
sufficiently  large  in  order  to  prove  the  exponential  decay.   The 
theorem  is  sharp  in  the  sense  that  if  c  is  not  small  then  u  need 
not  decay  exponentially.  This  may  be  shown  quite  generally  but  we 
mention  here  only  the  following  simple  counterexample.   Suppose 
that  X  =  Y  is  one  dimensional  and  consider  the  differential 
equation 
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Here  we  suppose  A  =  0  so  that  R(A)  has  a  pole  at  the  origin  of 
first  order,  c  is  a  positive  constant.   Thus  a  solution 
u  =  K(l+t)"c  certainly  satisfies  (3-1)  with  b  =  0.  If  c  >  -|  the 
solution  belongs  to  L2  but  does  not  die  down  exponentially. 

In  proving  the  theorem  we  shall  establish  (3.2)  with  a' 

replaced  by  a  small  number  a".  Then,  by  repeating  the  argument  for 

a"t 
the  function  v  =  e   u,  which  satisfies 


|Dv-(A-ia")v|y  <   c    |vL+ea,,tb(t)  , 
1  -   (1+tr    X 

in. 
we  deduce  that  e    IvIy  kel°nSs  to  Lp  for  some  a"1  *   0.   Repeating 

a'"ti 
the  argument  again  (applied  to  e    |u|x  belongs  to  Lp,  and  the 

corresponding  inequality  (3.2)  is  easily  established.  The  theorem  is 

related  to  classical  results  by  Dunkel  [1].  Its  proof  is  based  on 

Lemma  1,2:   (a)  Assume  that  RS(A)  satisfies  the  conditions  in 
Theorem  1.2.   For  any  nonnegative  integer  n  there  exists  a 
constant  c  depending  only  on  n  and  A  such  that  any  function  v(t), 
vanishing  at  the  origin,  for  which  |v|x,  (l+tn  ) j Lv 1 Y  are  square 
integrable  on  t  >  0,  (as  usual  we  require  Lv(t)  to  lie  in  S) 
satisfies 

(3.3)      l(l+tn)|v|xlL  <  cn|(l+tn+k)|Lv|YlL  . 


In  particular  the  left-hand  side  is  finite 

(b)  Assume  in  addition  that 
1 7s. |  — >  co  in  the  strip.  Then  also 


(b)  Assume  in  addition  that  the  norm  |RS(A)IY  iS  °(t)  ^L£ 
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(3.4)         l(l+tn)|Dv|YlL  <  Ci;|(l+tn+k)|Lv|YlL   . 

If  Rg(A)  has  at  most  one  pole  In  the  strip  at  the  origin  then  in 
fact 

(3.4)'   |(l+tn+1)|Dv|y|L  <  C;j(l+tn+k,)|Lv|YlL  ,   k'  =  max  (l,k) 

Here  c '  depends  only  on  A  and  n. 

Before  proving  the  lemma  we  shall  use  part  (a)  to  prove  (3.2) 
for  small  a',  with  c1  any  positive  number  <  c~  .  We  shall  use  or , 
C^,   C2  to  denote  constants  depending  only  on  c  ,  k  and  K. 
Recalling  the  C*  operator  of  §2  we  define  for  fixed  T  >  1 

v(t)  =  U*u(t+T-l))(t)  . 

By  Lemma  1.2  (a)  and  the  properties  (i)-(iv)  of  £•  we  have 


2 
co 


f     |u(t)|2  dt  <  \Mx\l     <c2o    f    (l+tk)2|Lv|2  dt 
T  2       0 

CD 

J     (l+tk)|Lu(t+T-l)|Y  dt 
1 

1 
+  c2K2    j    (l+tk)2(|Lu(t+T-l)|Y  +  |u(t+T-l)|y)2  dt 
0 
oo 
?Q    f     (l+tk)2|Lu(t)|Y  dt 


00 

2 

T 

T 


+  px    J      (|Lu(t)|2  +    |u(t)|2)dt    . 
T-l 


J 


.- 


■• 


- 
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Using  (3»l)  we  find  now  that  this  is 

CO 


c2  J    (c|u(t)|x  +  (l+tk)b(t))2  dt+C2  J  (|u(t)|2+b2(t))dt 


T-l 


Since  c  <  c '  <  c~  it  follows  easily  that 


T 
T-l 


UJ  J.  <JL> 

(3.2)'     J^     |u(t)|2dt<C3    ^  |u(t)|2  dt  +  C3    J     (l+tk)2b2(t)dt 


Thus  (3.2^  is  established. 

We  may  now  apply  Lemma  1,1  and  infer  that  for  some  positive 
constant  a"  (we  may  assume  cr  <  a),  and  every  T  ^  1, 

co  1 

e™    J     |u(t)|2dt  <C4    J|u(t)||dt 

T  0 

CO  CD 

+  Ck    f    en  dt    J    (l+Tk)2b2(T)dT   . 

1  t-l 

Thus  for  some  (smaller)  constant  0"  the  function  w(t)  =  e^  u(t) 
is  a  solution  of 

|Dv  -  (A-icr)v|Y  <  — £— 5  |vL  +  erftb(t)  , 
Y   (l+t)k    X 

with  square  integrable  |  |„  norm.   Since  the  resolvent  of  A-io" 
is  now  regular  and  bounded  on  the  real  axis  we  find,  by  repeating 
the  preceding  argument  (with  now  k  =  0),  the-  following  analogue 
of  (3.2)' 


■. 


H 


a   .  r 
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oo  1  oo 

J      |w(t)lx  dt  <  C,    J     |w(t)|2  dt  +  C      J     e2<rfcb2(t)dt 
10  0 

from  which  (3.2)   follows  for  a1  «  <r   . 

By  a  similar  argument,   using  Lemma  1.2  (b)   we  may  prove 

Theorem  1.21 :     Assume  that  Rs(?0    satisfies  the  conditions  of 
Theorem  1.2,   and  that    |Rg(A)lY  =  °(j)  £p_I   1*1   ~*  °°    in  the   strip. 
Let  b(t)   be  a  function  as  in  Theorem  1.2.      Then  (a)   there  exists  a 
positive  number  c"   depending  only  on  A    (and  K)    such  that  if  u(t) 
is  a   solution  with    |u(t)|x,    |Du|Y,    | Au| Y  in  Lg  for  t  >  0  of 


(3.1)' 

lTii(  t )  1      *  .     .9.  .       U(f  )    \    h(t) 

Y  "  (l+t)K 

where 

U  =    |u(t)|x+  |Du(t)|y+  |Au(t)|Y 

with  c  <   c"  then  u(t)  satisfies  a  stronger  form  of  (3-2)  and  (3*2^ 

oo  1  oo 

J      |ea,tU|2dt<C    f  \V\2  &t  +  C    J     |ea,tb(t)| 

0  0  0 

(3.2)" 

00  1  oo 

2 


2dt 


J    |u|2dt<c    y|u|2dt  +  c    f    |(l+t)kb(t)| 


dt 


(b)  If  furthermore,  Ro(7v)  has  only  a  pole  at  the  origin  of 
of  order  k  >   1  then  the  same  conclusion  holds,  with  U  replaced  by 
V  for  a  solution  u(t),  with  |u|x,  |Lu|Y e  Lg  for  t  >   0,  of 

(3.D"  |Lu(t)|Y  <   c  r  V  +  b(t) 

Y  ~  (l+t)k 


. 


.  I  I 


■i- 
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if  c  <  c  ;  here 

V(t)  =  |u(t)|x+  (l+t)|Du(t)|Y  +  (l+t)|Au(t)|y  . 

Proof  of  Lenima  1.2:   (a)  C.,Cp,...  will  denote  constants  depending 
only  on  A.   Setting  v(t)  =  0  fot  t  <  0  let  v(A)  be  the  Fourier 
transform  of  v(t): 

oo 

v(a)  =  -i_  re-ixtv(t)dt 


/Er 


0 


and  let  f(A)  be  the  Fourier  transform  of  f(t)  =  Lv(t).   Since 
Plancherel's  Theorem  holds  for  L2  functions  with  values  in  a 
Hilbert  space,  v,  f,  and,  in  fact,  (^)n+  f  exist  as  L2  functions 
with  values  in  X  and  Y  respectively.   Since  S  is  closed  in  Y  it 
follows  that  f(A)  lies  in  S.   We  have,  furthermore,  for  almost  all 
real  A,  (A-A)v(A)  =  f(A),  so  that 

(5.5)  v(A)  =  Rs(A)f(A)  . 

Denoting  now  Rg(A)  simply  by  R(A)  we  intend  to  decompose 

m+1 
R(A)  as  a  finite  sum  R(A)  =  £~  R.(A),  with  R.U)  equal  to  R(A) 

in  a  neighborhood  of  the  pole  A.,  and  vanishing  near  the  other 
poles,  and  each  R,  vanishing  outside  a  finite  interval,  for 
j  =  1, ,m.   Imagine  the  poles  ordered  A,  <  A2  <  ...  <  Am  and 

introduce  a  finite  partition  of  unity  on  the  real  line  given  by 

m+1 
m+2  nonnegative  C   functions  o\(A)  with  >    ^i^^  s  1   and  wlth 

A.  outside  the  supports  of  all  the  <r  but  (T^,    i  =  l,...,m.   The 


I 


•     f .  '■ 

:     '■  ■       ..■  .    ■  '  .  . 
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supports  of  °"i>'"»crm  are  finite  while  the  supports  of  <r  ,  a"   ., 
extend  to  -co  and  +00  respectively.   Now  set 

RjU)  =  ^(A)R(A)  ,   Wj(A)  =  Rj(A)f(A)  ,       j  =  0,...,m+l  , 

so  that  v  =  )   w.. 

Consider  one  of  the  R,  for  1  <  J  <  m.   Since  R(A)  has  a  pole 
at  A  of  order  <  k  it  admits  the  following  expansion  in  an  interval 
containing  the  support  of  cr*. 


-Aj.)-rPr  +  Po(A) 


^ 


where  P  ,  r  =  l,...,k  are  bounded  fixed  operators,  and  P_(A)  is  a 
regular  operator  valued  function  in  the  rectangle:  I  Re  A  in  a 
slightly  larger  interval,  and  -e  <  Im  A  <  a}.  Using  the  Cauchy 
integral  theorem  we  may  infer  that  the  derivatives  (^r)rP  (A), 
r  _^  n+k  have  bounded  |  L  norms  on  the  support  of  0". .   Now 

(3.6)    (A-A^RjU)  -JT"  (A-Aj)^1"  Ol(A)Pr+  0-J(A)Po(A)(A-AJ)k  . 

Near  A.,  v  =  w.,  and  hence  w  belongs  to  Lp.   Since  w  (A)  has 
compact  support  it  is  the  Fourier  transform  of  an  analytic  function 
v.(t)  belonging  to  Lg. 


We  wish  to  estimate  the  norm  of  v.(t).   According  to  (3.6) 


we  have 


(3.6)'    (A-A^VjU)  =  £  (A-A.)k-r  oj(A)Prf(x) 


cr.(A)(A-AJ)kPo(A)?(A) 




-   . 
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Differentiating  this  and  using  the  fact  that  the  derivatives  of 
P  (A)  and  of  rr. (A)  are  bounded  we  find 


(3.6)"    l(^)  °(a-a  jkw  u)|x  i  c±YZ  K^)rf(^)lY  >  «o-n+k  • 


y    3 

c\     nn       k 
Since  the  inverse  Fourier  transform  of  (^j)   (A-A.)  w,(A),  being 

in  L2,  is 

+■  n„      v        +-  n~  iA.t  .   -iA.t 
(|)  °(D-A.)kVj(t)  =  (|)  °e   J  Dk(e   j  v.(t))  , 

it  follows  by  Plancherel ' s  theorem  that 

Kl+t^JlD^e'^^v.Ct))^^  <  C2|(l+tn+k)|f(t)|ylL   . 

We  can  now  apply  a  well-known  inequality  of  Hardy  ( see  Hardy, 
Littlewood,  Polya  [1],  Theorem  330)  according  to  which,  for  scalar 
functions  a(t), 

ao  oo 

J     |tna(t)|p  dt  <  constant    f     | tn+kDka( t) |p  dt   ,  p>l 

0  0 

provided  the  right-hand  side  is  finite,  and  a(t)feL  .   (This  is 

proved  by  repeated  integrations  by  parts. )   Since  the  derivative 

of  a  norm  of  a  vector  valued  function  of  t  is  not  greater  than  the 

norm  of  the  derivative  we  deduce  that  (here  Lp  norm  represents  the 

norm  on  t  >  0) 

(3.7)    |(l+tn)|v.j(t)|xlL  =  |(l+tn)|e"  J  v.j(t)lxlL 

<  C3|(l+tn+k)|f|YlL   ,   j  =  l,...,m 


' 


• 


■ 
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and  also  that 

(3.8)       lUW^JUD-VjJv^t)!^ 


<  C3l(l+tn+k)|f|YlL  ,     J  =  l,...,m  . 

Consider  finally  the  functions  w.(a)  =  R.(A)f(A)  for  j  =  0 

J       J 

and  m+1.   Since  |R(A)|X  is  uniformly  bounded  (away  from  the  poles) 
we  infer  as  before  with  the  aid  of  the  Cauchy  integral  formula 
that  HQ(A)  and  Rm+i(A)  have  derivatives  up  to  order  n  with 
uniformly  bounded  I  |v  norms.  Therefore  we  see  as  above,  that  w 

A  o 

and  wtoJ,  are  Fourier  transforms  of  L0  functions  v  (t)  and  v  ,(t) 
m+i  d.  o        m+± 

with 

(3.9)   |(l+|t|n)|v.(t)|xlL  <  C4|(l+tn)|f(t)|YlL  ,   j  =0  and  m+1. 

If  we  now  combine  inequalities  (3«7),  (3«9)  and  the  identity 
m+1 
v(t)  =  >   v.(t),  we  obtain  (3«3).  This  completes  the  proof  of  (a) 

(b)  The  proof  of  (3.4)  is  very  similar.  Using  the  Cauchy 
integral  formula  again  we  infer  now  that  the  derivatives  up  to 
order  n  of  ARQ(A)  and  ARm+1( M  are  bounded  in  norm  |  lY,  as 


A  |  — *  co  .  Thus  for  j  =  0  and  m+1 


,  n  ,   no 

l(^)  °aw.(a)|y  <  C;L^  |(^)r 


so  that 

(3-9)'    |(l+tn°)|Dv  (t)|YlL  <  C2l(l+tn°)|f|YlL   ,   nQ  <  n+1  . 


' 
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For  1   *   j   <  m  we  obtain  from  (3«8),   with  n  replaced  by  n-1,    the 
inequality 

|U+tn)|DV(JJx^     <    |Xj||(l+tn)|vJ|xlL    +C5|(l+tn+k-1)|f|YlL 

lc;i(i+tn+k)ifiYiL 

by  (3.7).   Combining  these  inequalities  we  obtain  {~5.k) . 

If  there  are  no  poles  then  we  may  take  at.   =  0,  j  =  l,...,m+l 
and  then  (3.4)'  follows  from  (3.9).  If  A  =  0  is  the  only  pole, 
(3.^)'  is  derived  by  combining  (3-8)  and  (3.9)'.  Q.E.D. 

By  slight  modifications  of  the  preceding  proofs  one  easily 
verifies  the  following. 

Remarks  1)   Suppose  we  are  given  operators  P,  and  Q.  as  in  §2,  and 
suppose  that  the  operators  PJSU),  QJSU)  are  regular  in  the  strip 
-e  <   Im  A  <  a,  e,a  >  0  with  the  possible  exception  of  a  finite 
number  of  poles  on  the  real  axis  of  maximal  order  k  and  suppose 
that  (see  (2.8))  K(A)  =  0(1)  for  |a|  — >  00  in  the  strip.   Let 
u(t)  be  a  solution  with  ||u(t)||*L2  (see  (2.6)')  on  t  >   0  of 

|Lu|Yl—£-^  ||u||+b(t) 
Y   (l+t)k 

with  b(t)  as  in  Theorem  1.2.  Then  the  same  conclusions  of  the 
theorem  hold,  with  |u|x  replaced  by  ||u||.  If  furthermore 
|RS(A)|Y  =  O(-i)  for  |a|  — >  00  in  the  strip  then  the  conclusions 
of  Theorem  1.2*  hold  if  u  satisfies  (3-1)'  or  (3-1)",  with  |u|x 
replaced  by  ||  u  ||  . 


u 


. 


.  .     .  ••  1 

'    j .    - 

;  ■    :• .  -    :  ' 


. 


31 


2)  Suppose  S  =  Y  and  suppose  Rg(A)  =  Ry(A)  satisfies  the 

conditions  of  Theorem  1.2*.  If  u(t)  is  a  solution  of  Lu  =  0  with 

i  i  k 

'U'X€  L2  on  t  >  °   then  derivatives  D  u  of  all  orders  exist,  are 

strongly  continuous  in  Y,  for  t  >   0  and  their  |  |y  norms  decay- 
exponentially.  This  is  a  consequence  of  Corollary  1  of  Theorem  2.2 
of  §5  (applied  with  X  =  Y),  for  if  |Ry(A)  | y  =  O(-i)  on  the  real  axis 
for  |a|  — >  co  it  follows  that  there  are  constants  c,  C  such  that 
RyU)  is  regular  in  the  region  |Re  a|  _>  c,  |lm  A|  <  c|Re  A|,  and 
|Ry(^)ly  =  0(y)  as  |a|  — >  oo  in  this  region. 

In  Chapter  H-   we  prove  in  fact  that  the  solution  u(t)  as  an 
element  of  Y  is  analytic  in  t. 

3)  Theorem  1.2  and  Lemma  1.2  (a)  hold  under  the  following 
weaker  hypotheses  on  the  resolvent  Rs: 

(i)  RS(A)  is  regular  in  a  strip  -e  <  Im  A  <  a  except 
possibly  for  an  infinite  number  of  poles  on  the  real  axis,  of 
maximal  order  k,  such  that  the  distance  between  any  two  of  them 
is  greater  than  a  fixed  positive  number  d. 

(ii)  There  are  positive  constants  M,  d'  such  that 
|RS(A)|X  ^_  M  for  every  A  in  the  strip  whose  distance  to  the  set 
of  real  poles  exceeds  d'. 

Since  the  theorem  follows  from  Lemma  1.2  (a)  we  shall  only 
indicate  the  necessary  modifications  in  the  proof  of  the  latter. 
There  are  two  cases  to  be  considered:   the  poles  are  either 
bounded  to  one  side  or  extend  to  infinity  in  both  directions.  We 
shall  consider  merely  the  first  case  supposing,  say,  that  the  poles 
go  +co  and  so  (being  clearly  denumerable)  may  be  enumerated  as  an 
increasing  sequence  A.,  j  =  1,2,...  . 
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As  in  the  proof  of  Lemma  1.2  we  introduce  a  partition  of 

unity  on  the  real  line  given  by  C00  functions  cr.(A),  j  =  0,1,..., 

co 
with  > cr.  (A)  =  1  such  that  (a)  any  point  on  the  real  axis  is 


V°3 


contained  in  the  supports  of  at  most  two  of  the  or.,  (b)  the 
supports  of  a",  for  j  >  0  is  compact  while  that  of  cr  extends  to  -co 
(c)  each  A.  is  outside  the  supports  of  all  <T.   but  r  ,    (d)  the 
functions  cr.  and  their  derivatives  up  to  order  (n+k)  are  bounded 
in  absolute  value  by  a  constant  K  (this  is  possible  because 
\\   -A,  |  >   d  for  i  ^  j).   Set 

RjU)  =  ^(A)RS(A)  ,    Wj(A)  =  R.Ck)f(*)    ,      j  =  0,1,...  , 

and  let  v.  denote  the  inverse  Fourier  transform  of  w.(A).  For 
J  J 

any  fixed  j  >   0  we  find,  using  condition  (ii),  and  the  Cauchy 
integral  theorem,  that  (3.5)',  (3.6)  and  (3-6)'  hold,  with  the 
derivatives  of  PQ(A)  up  to  order  n+k  having  |  lx  norm  bounded  by 
a  fixed  constant  (independent  of  j)  on  the  support  s.  of  cr. ,  so 
that  (3' 6)"  holds.   It  follows  then  as  in  the  lemma  that 

n°      n  .   -iA.t    2  no  n        /i  v.*    2 

J   |t°Dk(e    J  Vj.)|x  dt  <  C2IZ  J    |(^-)rf(M|y  dA  ,   no<n+k 

(C2  independent  of  j ) .  Applying  again  the  inequality  of  Hardy 
we  find  that 


-00 

n+k 


n+K  n       *    _. 

<c5^/l(^r?(Mlx 
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Similarly  for  j  =  0  we  find 


Since  v  =  >   w.(A)  and  since  each  point  A  lies  in  at  most  two  of 


v.^w 


the  sets  s.  it  follows  that  for  nQ 


oo  oo 

/     |tn°v|^dt=    f     |(|.)n°«(x)|2aA 

0  -CD 

00      r       a    n~  2  n+k      o°     , 

J  -00 

00 

<  C4    /  |(l  +  tn+k)f(t)|y  dt   , 


0 


which  is  the  desired  inequality  (3-3)« 

The  hypotheses  in  Remark  1  on  the  operators  P.Q,  Q,Q  may  be 

Jo    jo 

weakened  in  a  similar  manner. 

We  shall  give  an  extension  to  L  ,  1  <   p  <   oo  ,  of  Lemma  1.2  (b) 
and  Theorem  1.2'  based  on  a  "Multiplier  Theorem"  of  Michlin  [1]. 
A  new  proof  of  the  theorem  was  recently  given  by  Hormander  [l]j 
J.  T.  Schwartz  [l]  has  observed  that  the  results  of  Chapter  2  in 
Htirmander's  paper  are  valid  also  for  vector  valued  functions.   In 
particular,  the  following  form  of  the  theorem  holds. 

Multiplier  Theorem:   Let  T(A)  be  a  C  operator  valued  function 
defined  on  the  real  line  whose  value  for  every  A  is  a  bounded 

operator  mapping  some  Hilbert  space  S  into  another  Hilbert  space. 

dT 
Assume  that  there  is  a  constant  K  such  that  T( A)  and  A  ^  are 


...  ,     ■  [flffl 
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bounded  in  norm  by  K.  Then  the  operation  T  -  on  functions  s(t), 
-oo  <  t  <   od  with  values  in  S,  such  that  ||s(t)lsL   <  oo , 

P        A 

-  defined  as  follows:   operate  on  the  Fourier  transform  s(A)  of_ 
s(t)  by  T(A)  and  take  the  inverse  Fourier  transform,  is  a  bounded 
operator  in  L  ,  i.e. 

I  I Ts | x | L  <  constant .K | | s( t ) | g | L 
P  P 

where  the  constant  depends  only  on  p. 

Now  the  generalization  of  Lemma  1.2  (b). 

Lemma  1.2' ;   Let  Q  be  a  linear  operator  mapping  the  domain  of  A 
into  X  and  assume  that  QRg(A)  =  Qg(A)  is  regular  for  all  X  in  a 
strip  -e  <   Im  A  <  a,   for  e,a  >  0,   except  possibly  for  a  finite 
number  of  real  poles  A, , . . .  ,A  of  maximal  order  k,  and  assume  that 

|QS(A)|X  +  |  A  ^  QSU)IX  =  0(1)   for  |A|  ->  cd  in  the  strip. 

Let  p  >   1  be  finite.  For  every  nonnegatlve  integer  n  there  exists  a 
constant  c  depending  only  on  A,  Q,  n,  p  such  that  for  any  function 

lx,  (l  +  tn+k)|Lv|Y  in  Lp 


v(t)  vanishing  at  the  origin  with  |Qv|x,  (1 +  tn+k) |Lv|v  in  L  on 


t  >   0  the  inequality 

l(l  +  tn)|Qv|xlL  1Cn|(l  +  tn+k)|Lv|YlL 
P  P 

holds.  The  same  holds  with  X  replaced  by  Y  everywhere. 

We  shall  merely  sketch  the  proof.  Taking  Fourier  transforms 
as  in  the  proof  of  Lemma  1.2  (one  should  first  carry  this  out  for 
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functions  v(t)  with  compact  support,  and  then  reduce  the  general 
case  to  this  one  with  the  aid  of  the  £  operator)  we  obtain  the 
analogous  decomposition 

Qv  =  ZZ   vi(t)  ,     v  =  w  (A)  =  or,(A)QR(A)f(A)  . 


V  y     '       j  "   j      =  aj' 


As  in  the  proof  of  Lemma  1.2  we  find  that  for  1  <  j  <  m,  n  ^_   n+k, 
the  term  (^)  °(A-A.)  w.(A)  is  given  by  a  sum  of  bounded  operators 
(having  also  bounded  derivatives)  acting  on  terms  (tjt)1"^^)  f>or 
r  !  n0*  We  "^  therefore  apply  the  Multiplier  Theorem  and  conclude 
that 

|(l+tn+k)|Dk(e~iAJ'V.(t))|xlL  lC^|(l+tn+k)|f(t)|YlL   . 

Using  the  inequality  of  Hardy  again  we  find  that 

co  co 

(3.8)'  f    |(l  +  tn)|v.|x|p  dt  1C'  f    |(l+tn+k)|f(t)lYlp  dt  . 


We  have  still  to  consider  w  and  w  .;  consider  just 
w  =  T  (A)QRf.   Because  of  our  hypothesis  on  QR(A)  we  find,  using 
the  Cauchy  integral  theorem,  that  the  |  |„  norms  of  derivatives 
of  o-Q(A)QR(A)  are  0(-|)  as  |a|  — >  co  on  the  real  axis.  We 
conclude,  as  above,  with  the  aid  of  the  Multiplier  Theorem,  that 

oo  oo 

y  1(1  + t  °)|vo(t)|x  dt  1  c;  J   |(1+  t  °)|f|YlP  dt  ,   n0  <  n+1  . 
0  0 

The  remainder  of  the  proof  is  similar  to  that  of  Lemma  1.2. 
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With  the  aid  of  Lemma  1.2  one  may  now  prove  a  generalization 
of  Remark  1  and  of  Theorem  1.2* ,  which  we  shall  use  in  the 
applications.  We  observe  that  if  the  hypotheses  of  Remark  1  hold, 
with  c  small,  and  with  one  of  the  Q.  equal  to  A,  then  also  (3«1)' 
holds.  In  the  following  p,  1  <   p  <  oo,  is  fixed. 

Theorem  1.2":   Let  P.,  Q.  be  a  finite  number  of  operators  as  in  §2, 

J   J 

and  set  ||u||  =  YH   ('piulx  +  I^i^y^'  Assume  that  P.RgU)  =  P.g, 
Q.Ro(A)  =  Q.g  are  regular  in  a  strip  -e  <  Im  A  <  a,  with  e,a  >   0, 
except  possibly  for  a  finite  number  of  poles  A.  , . . . , X  on  the  real 
axis  of  maximal  order  k.  Assume  also  that 

lPJS(A)lx'      'AdTPoS(A)lx'      IV70^'      |AdTQjS(A)|Y     are  Od) 

as  |a|  — >   oo  in  the  strip.   Let  b(t)  be  a  scalar  function  on  t  >  0 

a '  t 

such  that  for  some  positive  a'  <   a,  e   b(t)  belongs  to  L  ,  or 

(1+t)  beL  .   Then  there  exists  a  positive  number  c"  depending 
only  on  A,  the  P.  and  Q.,  p  (and  K)  such  that  if  u(t)  is  a  solution 
with  |Pju|x,  |Qju|y,  |Lu|y£Lp  for  t  >  0  of 

|Lu(t)|Y  <  2-^-  ||u||  +b(t) 

Y  ~  (l+t)k 

with  c  ^  c"   then  u(t)    satisfies 
co  1 


/     |ea,t||u|||pdtlC    /||u||Pdt  +  C    f     |ea,tb|pdt, 
0  0  0 

oo  1  oo 

f     ||u||pdt<C    J|u||pdt  +  C    f     |(l+tk)b(t)|p  dt 


0 
with  C   some   constant. 
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We 


mention  that  if  S  =  Y,  and  if  |^  RyU)|x  =  0(i)  for 


|?\|  — >  od  on  the  real  axis,  then  RyU)  exists  in  a  larger  region 
including  the  set  { a) | Im  \\    <  constant  |Re  a|    , |Re  a|  > constant? 

In  this  set  |Ry(A)|x  is  bounded.  Furthermore  if 

|Ry(A)lx  =  OU"1/2)  for  |a|  — >  oo  on  the  real  axis  then 

l^-Ry(A)lx  =  0(A'1)  as  |A|  — >  co  on  the  real  axis. 


■ 
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Chapter  II 

Asymptotic  Expansions  and  Completeness 

4.  Asymptotic  expansions  in  Hilbert  space 

In  this  section  we  assume  that  X  and  Y  are  Hilbert  spaces 
and  consider  solutions  of  Lu  -  0  on  t  >  0,   for  which  we  can  obtain 
much  more  precise  asymptotic  results. 

Theorem  2. 1;   Let  u(t)  be  a  solution  of  Lu  =  0  with  |u|x  £Lp  on 

t  >  0.  Assume  that  RS(A)  is  meromorphlc  in  a  strip  0  <  Im  A  <  a 

and  that  |Rg(*)ly  =  O^1)  £§  1*1  ~' *"   ®  ln  the  strlP»  Then  for  every 

e  >   0  there  is  a  finite  sum  of  exponential  solutions 
__ 

u.(t)  =  e  J  p.(t),  j  =  l,..,,m  of  Lu  =  0  where  A .  are  the  poles 
of  Rg(A)  in  the  strip  0  <  Im  A  <  a-e  such  that 

|e(a"e)t|u(t)  -  r""Hj<t)ixlL  <  constant^  lu(t)|y  dt 
1  2  0 

where  the  constant  depends  only  on  A,  a  and  e. 

Proof;  Making  use  of  the  £•  operator  of  §2  we  set  v  =  £.u,  f  =  Lv; 

then  f(t)  =  0  for  t  >  1  and  ||f|Yl^  «  constant  ||u| *  ***     The 

0 
Fourier  transforms  v(A),  f(A)  of  v  and  f  are  related  by 

v(A)  =  Rs(A)f(A)  on  the  resolvent  set  p„.   Since  f  has  compact 

support  f  is  an  entire  function  of  exponential  type  one  (the  Lg 

norm  of  |f|Y  on  a  line  Im  A  =  cr  >   0  is  not  greater  than  eT  times 

its  Lp  norm  on  the  real  axis);  v(A)  is  defined  as  an  analytic 

function  in  the  lower  half  plane  with  values  in  Lg  on  the  real 

axis.  Thus  the  relation  v(A)  =  R„(A)f(A)  enables  us  to  extend 
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v(A)  as  a  meromorphic  function  into  the  region  Im  A  <   a.   Since 
|v|x€Lp  on  the  real  axis  v(A)  has  no  poles  there. 

Let  6,  a-e  <   6  <  a.,   be  such  that  the  strip  0  <  Im  A  <  6 
contains  no  poles  of  Rg(A)  besides  those  in  the  strip 
0  <  Im  A  <  a-e.  Then  the  integral 


W(t)=~   /   e1AtRs(A)f(A)dA 


&  Im*=B 

integrated  from  left  to  right  differs  from  the  corresponding 

integral  along  the  real  axis  by  i/2~7r  times  the  residues  of 

elAtRs(A)f(A)  in  the  strip  0  <  Im  A  <  a-6.   This  is  proved  by 

applying  the  Cauchy  formula  to  a  rectangle  with  corners  at  -N,  N, 

N+i(a-B),  -N+i(a-6)  and  letting  N  ->  co  .   Since  f(A)eL2  on  the 

real  axis  and  is  of  exponential  type  it  is  easily  seen  that  the 

contributions  of  the  vertical  sides  of  the  rectangle  go  to  zero 

as  N  — >  co  .   It  is  also  easily  seen  that  the  residues  are 

exponential  solutions  of  Lu  =  0. 

Thus  we  see  that  v(t)  differs  from  the  sum  of  exponential 

solutions  as  described  by  w(t).  By  Plancherel's  theorem  it  follows 

that 

16+co 
|e5t|w(t)|x|^  =  J       |Rs(A)f(A)|^  dA  <  constant  J       |f(A)|^dA 
2   Im  A  =6  i6-oo 


GO 

<  constant 

-00 


/  IfU)!2,  dA 


since  f  is  of  exponential  type  and  j R„ ( ^ )  I x  ^-s   bounded  on  Im  A  =  6, 

2 

=  constant  ||f(t)|v|T   , 
Y  L2 


■ 
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and  the  desired  result  follows  easily. 

From  the  form  of  the  result  it  is  clear  that  the 
exponential  solutions  u.  so  obtained  are  independent  of  the 
particular  £*  operator  used.  They  depend  only  on  u(t). 

Corollary  1:  Assume  that  RS(A)  is  actually  meromorphic  in  a  larger 
strip  -e  <  Im  A  <  a  and  satisfies  |R<,(A)|X  =  0(1)  as  |a|  — >  co  in 
this  strip  (if  S  =  Y  this  follows  from  our  hypothesis).  The  result 
of  the  theorem  then  holds  if  in  place  of  the  assumption  |u|x£Lp 
for  t  >   0  we  assume  |u|v  belongs  to  L  .  for  some  p  >  1,   or  to  L° 

A  p  —  CO 

for  t  >   0.   (By  L°  we  mean  L   functions  tending  to  zero  at 
infinity. ) 

This  is  easily  derived  from  the  theorem.  For  e  sufficiently 
small  the  strip  -e  <   Im  A  <  a  will  contain  no  new  poles  of  Rg(A). 
Set  ug(t)  =  e"et/2u(t).  Then  u£(t)  belongs  to  Lg  for  t  >   0  and 
satisfies  (L  -i-|)u  (t)  =  0.  Applying  the  theorem  we  find  that 

*  •  *.  iA.t  iA.*t 

|e(a-e)t|u(t)  -  He  JPj(t)-2Ie  kpJ(t)lxlL 

1 
^constant   /   |u(t)|   dt 
0 


where  A.  are  the  poles  of  Rq(A)  in  the  strip  0  <  Im  A  <  a-e,  while 
A*  are  the  poles  of  Rg(A)  on  the  real  axis. 

Since  however  |u(t)|x  belongs  to  L  or  L^  it  follows  that 
the  Pj(t)  must  vanish.  Q.E.D. 

By  the  same  argument  one  obtains 
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Corollary  2:  Under  the  same  hypotheses  on  Rq(A)  as  in  the  theorem, 
assume  that  u(t)  is  a  solution  of  Lu(t)  =  0  in  t  >  0  such  that 
(1+t)  |u(t)|x  belongs  to  L  for  some  p  >  1  or  to  L  ;  here  N  is  a 
positive  number.  Then  the  same  conclusion  holds  as  in  the  theorem, 
except  that  the  A.  are  now  the  poles  in  the  closed  strip 
0  <   Im  A  <  a-e  of  Rg(X). 

This  device  of  considering  e"  u(t)  in  place  of  u(t)  may  be 
used  to  derive  analogous  results  for  solutions  of  Lu  =  0  which  are 
allowed  to  increase  exponentially,  i.e.  such  that  e  u(t)  belongs 
to  L  .   One  then  assumes  that  Rg(A)  is  meromorphic  in  some  strip 
-<r<  Im  A  <  a. 

Remark  1;   Consider  again  a  solution  u  of  Lu  =  0  with  |u|xe  Lp  on 

t  >  0.  Let  P  be  a  closed  operator  with  domain  in  X  containing  the 

domain  of  A  and  with  range  in  X  (one  might  also  consider  the  case 

where  the  range  of  P  is  in  Y),  such  that  |Pu(t)|x€Lp.   Suppose 

that  PR(A)  is  meromorphic  in  the  strip  0  <  Im  A  <  a  and  satisfies 

|PR(A)|Y  =  0(1)  as  |A|  — ->co  in  the  strip.   If  A,  ,...,a„  are  the 
a  j.      m 

poles  of  PR(A)  in  0  <  Ira  A  <  a-e  then  there  is  a  finite  number  of 

iA,t 
al  polynomials  v.(t)  =  e 

such  that 


q.(t),  q.  are  polynomials, 


|e(a-e)t|Pu(t)  -  2Z  v  (t)lx|£  <  constant  J     |u| 


5« 


In  case  the  A.  are  also  poles  of  R(A)  then  we  can  assert  that  each 

3  iA  t 

v.(t)  =  Pu.(t)  where  u.  =  e  J  p.(t)  is  an  exponential  solution  of 

Lu  =  0. 
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The  proof  of  the  remark  is  similar  to  that  of  the  theorem. 
As  before  we  set  v  =  £»u,  f  =  Lv,  and  take  Fourier  transforms. 
It  is  easily  seen  that  for  Im  A  <  0,  Pu(A)  is  the  Fourier  trans- 
form of  Pu,  hence  this  holds  also  for  A  real.   The  formula 
Pu  =  PR(A)f  therefore  holds  almost  everywhere  on  the  real  axis, 
and  enables  us  to  extend  Pu  as  a  meromorphic  function  into  the 
strip.  The  rest  of  the  proof  is  as  before. 

Similar  remarks  apply  to  the  corollaries. 

Assume  now  that  Ro(A)  is  meromorphic  in  the  half  plane 
Im  A  >  0  (we  may  also  consider  just  PR(A)  to  be  meromorphic  there), 
With  any  solution  u  of  Lu  =  0,  with  lulyeL2  on  *  >  °  we  sha11 
associate  a  formal  "Fourier  expansion"  of  exponential  solutions  in 
the  following  way.   The  Fourier  transform  v  of  the  function 
v  =  £«u,  v(A)  =  Rs(A)f(A),  is  now  meromorphic  in  the  whole  upper 
half  plane  Im  A  >   0.   If  it  has  no  poles  its  "Fourier  expansion" 
will  be  zero,  and  we  write  u  ~  0.  If  it  has  poles  (which  are,  of 

course,  also  poles  of  RQ(A))  we  associate  with  each  A.  the 

b   iA  t  J 

exponential  solution  u.  =  e  J  p.(t)  given  by  /2iri.  Residue  at 
J        J 

A.  of  (e   Rs(A)f(A)).   It  is  convenient  to  arrange  these  poles 

first  according  to  increasing  values  of  Im  A  and  then  according  to 

decreasing  order  of  the  polynomial  p.(t).  With  this  convention 

J 

Y~  u.(t)  will  be  the  formal  "Fourier  expansion"  of  u  in  exponential 
solutions.   Applying  Theorem  2.1  we  obtain  the  following 

Theorem  2.1* :   Suppose  that  Rq(A)  is  meromorphic  in  Im  A  >  0  and 
satisfies  in  every  strip  0  <  Ira  A  <  a,  |RSU)IX  =  0(1)  as  |a|  ~>oo 
in  the  strip.   Let  u(t)  be  a  solution  of  Lu  =  0  in  t  >  0   with  |u|x 
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square  integrable.   Then  the  Fourier  expansion  of  u  is  an 
asymptotic  expansion 

u(t)  <*  ZZ  »jtt) 

in  the  sense  that  if  u,(t)  is  an  exponential  solution  of  index  m. 
(one  less  than  the  order  of  the  associated  polynomial  corresponding 
to  the  eigenvalue  A.  )  then  for  any  e  >  0 

o-m.  -e  Im  A,  t       k-1 
|(l+t)2   k   e    k  |u(t)  -  YZ    Uj(t)lxlL  <  oo  . 

Clearly  similar  asymptotic  expansions  for  Pu  as  a  sum  of 
exponential  polynomials  may  be  obtained  under  analogous  hypotheses 
on  PR(A).   Sufficient  conditions  for  the  exponential  solutions  to 
be  complete  (in  some  sense)  in  the  class  of  solutions  will  be 
given  in  §7. 

In  establishing  our  Phragmen-LindelSf  estimate,  Theorem  2.1, 
we  have  permitted  R(A)  to  have  a  finite  number  of  poles  on  the 
real  axis.  Actually  we  may  allow  much  worse  singularities  on  the 
axis  and  still  obtain  our  result.   To  illustrate  this  we  prove 
the  following,  where  we  assume  S  =  Y  and  write  Ro(A)  =  R(A). 

Theorem  2.1":  Assume  that  R(A)  is  regular  at  every  point  in  a 
strip  0  <  Im  A  <  a  with  the  exception  of  a  denumerable  number  of 
points  A .  on  the  axis.  Assume  also  that  in  the  Interior 
|R(A)|X  <   M(Im  A)"N  for  some  constants  M,  N.  It   u(t)  is  a  solution 
of  Lu  =  0  on  t  >  0,  with  |u|x€  l>2   then  for  any  e  >  0  we  have 
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1 

(4.1)  |e(a~e)t|u|xlL  <  constant  J   |u(t)|^  dt  , 

2  0 

inhere  the  constant  depends  only  on  A,  a  and  e. 

Proof:   Let  r  be  a  C00  function  which  vanishes  for  t  <  0,  is 
equal  to  one  for  t  >  1  and  is  monotonic  increasing.   Set  v  =  cru, 
f  =  Lv  and  take  Fourier  transforms.   The  Fourier  transforms  satisfy 

v(A)  =  R(A)f(A) 

for  A  in  the  resolvent  set.   This  enables  us  to  extend  v(A),  which 
is  analytic  in  Im  A  <  0  and  belongs  to  Lg  on  the  real  axis,  as  an 
analytic  function  in  the  region  Im  A  <  a,  with  the  exception  of 
the  points  A.. 

Since  |v(A)|x&Lp  on  the  real  axis  one  finds  easily,  with 
the  aid  of  Cauchy's  integral  formula  that 

(4.2)  |v(A)|Y  <  constant  |lm  A  I"1/2  ,    Im  A  <  0  . 


We  wish  to  show  that  v(A)  is  analytic  at  every  point  on  the 
real  axis.   Since  the  set  of  points  on  the  axis  where  v(A)  is  not 
analytic  is  closed  and  denumerable  it  has  an  isolated  point, 
unless  it  is  empty.  Assume  then  that  A,  is  an  isolated  point  of 
this  set;  we  may  suppose  that  A1  is  the  origin.   Thus  v(A)  is 
analytic  in  a  circle  |a|  <   6  except  at  the  origin,  and 
|v(A)|x_^  some  constant  K,  on  |a|  =  6.   Furthermore,  since  |f(A)|y 
is  bounded  for  Im  A  <  a,  we  have  by  our  hypothesis  on  R(A)  and  by 
(4.2)  (we  may  suppose  N  >   1/2) 
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(4.3)  |v(A)|x  <  K2|lm  M  in   N<6, 

for  some  constant  Kp. 

If  we  consider  the  region  | A|  <  6,  Re  A  >  e,  for  0  <  e  <  6, 

we  see  that  on  its  boundary  |(A-e)  v(A)|„  _^_  K,,  where  K,  is  a 

fixed  constant  independent  of  e.  It  follov/s  from  the  maximum 

principle  that  in  this  region  |v(A)|  ^  K,|A-e|~  .   Letting  e  — >  0 

we  find  that  |v(A)|x  <.  kJa|~N  for  Re  A  >  0.   A  similar  estimate 

holds  for  Re  A  <  0,  and  we  may  conclude  that  |v(A)|v  <  K,|a|"N  in 

a  —  ? 

the  whole  circle.  But  then  v(A)  has  a  pole  of  order  <  N  at  the 
origin,  and  since  |v(A)|x  belongs  to  Lp  on  the  real  axis  v(A)  must 
in  fact  be  regular  at  the  origin.   Thus  v(A)  is  analytic  at  every 
point  on  the  real  axis. 

We  have  shown  that  v(A)  =  R(A)f(A)  is  regular  for  Im  A  <  a. 
On  the  line  Im  A  =  a-e  we  have  |R(A)|X  _^  M(a-e)"  .  Furthermore 
the  L2  norm  of  |f(A)|Y  on  this  line  is  not  greater  than  ea"e  times 
the  Lp  norm  on  the  real  axis.  It  follows  that  the  Lp  norm  of 
|v(A)|x  on  the  line  Im  A  =  a-e  is  bounded  by  M(a-e)~  ea~e  times 
the  L2  norm  of  |f(t)|„.  But  a  standard  argument  shows  that  the 
L2  norm  of  |v(A)|x  on  the  line  Im  A  =  a-e  is  equal  to  the  Lp  norm 
of  e^a_e^t|v(t)|x,  and  the  proof  of  (4.1)  is  complete. 

We  shall  not  make  use  of  Theorem  2.1"  and  in  the  remainder 
of  this  chapter  we  will  confine  ourselves  to  cases  where  R(A)  is 
meromorphic  on  the  real  axis. 
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5.  Asymptotic  expansions  in  Banach  space 

We  continue  our  study  of  solutions  of  the  homogeneous 
equation  Lu  =  0  on  t  >  0  assuming  now  that  X  and  Y  are  Banach 
spaces  and  that  |u(t)lx  belongs  to  1^.  We  shall  establish 
analogues  of  the  results  in  the  preceding  sections  under  the 
hypothesis  that  RS(A)  is  regular  in  a  much  larger,  striplike, 
region  above  the  real  axis,  whose  vertical  width  grows 
logarithmically.   Since  we  shall  permit  the  norm  of  Rg(A)  to  grow 
fairly  rapidly  at  oo  we  shall  not  bother  with  the  subspace  S,  i.e. 
we  shall  suppose  that  S  =  Y  and  write  Rg(A)  =  R(A).   Our  estimates 
of  Phragme'n-Lindeltif  type  will  now  be  pointwise  estimates,  i.e. 


■£t 


|u(t)|y  will  be  bounded,  not  merely  some  integral  norm  of  it. 


H.  Tanabe  [2]  has  considered  differential  equations  (2)  with 
A  =  A(t)  depending  on  t  such  that,  for  each  t,  A(t)  is  the 
generator  of  a  semigroup,  and  has  proved,  under  certain  conditions, 
that  if  f (t)  — >  f(co  )  in  Y  and  A(t)  — >  A(oo )  in  some  sense  then 
the  solution  u(t)  tends  to  a  solution  u(co  )  of  A(co  )u(oo  )  =  -f. 
His  proof  makes  use  of  the  fundamental  solution  constructed  in  his 
paper  [ 1 ] . 

For  convenience  we  formulate 

Condition  CL  :  R(A)  is  regular  in  a  strip  6  <  Im  A  <  a  except 
for  a  finite  number  of  poles,  and  for  some  constants  c,  C,  R(A) 
is  regular  in  the  region 

(5.1)        I  Re  A |  >  c  ,     6  <  Im  A  <  C  log  |Re  A|  , 
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with  |  R(  X)  |  x  =  0(ear'A')  as  |a|  — >  oo  in  the  region,  and  R(A) 
satisfies  | R(  A)  |x  =  0(eP  Im  A  )  as  |a|  — >  oo  on  the  curved  part  of 
the  boundary  of  the  region  (5'1)«  Here  P,  Of   are  nonnegative 
constants. 

Theorem  2.2:   Assume  that  R(A)  satisfies  Condition  C    and  let 

o,a  

\' ' '  '  '^m   be  tne  poles  of  R(A)  in  the  strip  0  <  Im  A  <  a.   Let 

iA.t  ... 

u.(t)  =  e  J  p^t)  be  the  residue  of  eXZAR( A)u(O)  at  A., 

j  =  l,...,mj  the  u1  are  exponential  solutions  of  Lu  =  0.   Let 

a  >   a-e  >  Im  A.,  j  =  l,...,m.  Then  for  t  >   t  >  P  +  iji  the 
J  —   J        y  

solution  u(t)  has  strong  derivatives  (in  X)  with  respect  to  t  up 
to  order  j  and 


|Dj(u  -  <zZZ  uk)|x  <  K.e-t(a-e)|u(0)lY  ,    t  >  Tj 


0,1,. 


Here  K .  is  a  constant  depending  only  on  the  operator  A  and  on  t .. 

J  d 

This  is  related  to  Theorem  4.3. 

Proof:  We  extend  u(t)  to  be  zero  for  t  <  0  and  take  its  Fourier 
transform 

U(A)  =  -i-  f   e_iAtu(t)dt  . 
/27  J 

Since  |u(t)lx€L,,  the  transform  u(A)  is  regular  analytic  in  the 

lower  half  plane  Im  A  <  0  and  continuous  and  bounded  in  its 

closure,  and  satisfies  (A-A)u(A)  =  u(0),  or 

i/2? 

u(A)  =  — —  R(A)u(0)    for  A  in  the  resolvent  set. 
V2T 

This  equation  enables  us  to  extend  u(A)  as  a  meromorphic  function 

to  the  union  U  of  the  strip  0  <  Im  A  <  a,  and  the  domain  (5.1)- 
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Since  u(A)  is  continuous  on  the  real  axis  it  does  not  have  any 
poles  there,  hence  the  only  possible  poles  it  may  have  in  U  are 

l      m 

Writing  A  =  |  +  ir|,  let  P  be  an  infinite  arc  lying  in  U 

composed  of  a  line  segment  r\   =  a-e,  |£|  <  c1,  having  the  poles 

A,,..., A  beneath  it;  the  two  infinite  arcs:   rj  =  C  log  |-^-|  +  a-e 
i      m  c 

for  £  <_  -c1  and  |  >   c1.   We  orient  P  according  to  increasing  Re  A. 
Now  set 


v(t)  =  -i_  reitAGu 


)dA 


the  integral  being  absolutely  convergent  in  X  for  t  >  P  +  q  • 
Indeed  on  the  infinite  arcs  of  P  we  have 

|eit7tfU)lx<  constant  1^1  ^  )Ce-t(a-£  )  |u(0)  |  y  . 

Thus  for  t  >  £+  — =«•,  DJv  exists  and  is  given  by  the  absolutely 
convergent  integral 


/57  J 


7277   p 


eitAAJu(A)dA  . 


We  also  see  that  v(t)  and  its  derivatives  are  0(e"  ^a-£')  as 
t  — >co.   Let  us  verify  this  just  for  v  itself.   Clearly  the 
contribution  of  the  integral  over  the  straight  horizontal  portion 
of  P  is  0(e_t^a"eM,  while  the  integral  over  the  remaining 
infinite  arcs  has  |  lx  norm  bounded  by 


CO 


constant  e-t(a-e)  f     |J_|(f3-t)C  de  <  constant  e"t(a-e) 
c ' 

for  (P-t)C  <  -1  . 
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Thus  to  conclude  the  proof  of  the  theorem  we  have  only  to 
show  that 

CO 

u(t)  =  -i-  f    eitAu(A)dA  =  v(t)  +  5~  u.(t)  . 

*     -OO  A 

This  will  follow  on  letting  k  — >  00  Cauchy's  integral  formula 
applied  to  the  region  bounded  on  the  sides  by  two  vertical  lines 
Re  A  =  ±k,  k  large,  on  top,  by  the  portion  of  P  with  |Re  X|  <  4e, 
and  bounded  on  the  bottom  by  the  segment  on  the  real  axis: 
|  Re  a|  <   k. 

We  must  verify  that  the  integrals  on  the  vertical  edges  tend 
to  zero  as  k  — >  go  .  To  this  end  we  shall  make  use  of  a  Phragmen- 
Lindelfif  argument  to  obtain  a  better  estimate  for  |u(A)|x  than  the 
one  given  by  our  hypothesis  on  R(A): 

|u(M|x  =  0(ecrlA|)   as  | A)  ->  oo  in  U  . 

Since  |u(t)lx  belongs  to  L,  we  know,  in  fact,  by  the  Riemann- 
Lebesgue  lemma,  that  |u(A)|x  — >0  as  |a|  — >  oo  on  the  real  axis. 

Consider  w(A)  =  elP'Au(A),  with  £•  >  p.   Clearly  then 
|w(A)|x  — >0  as  |a|  — >  oo  on  P  or  on  the  real  axis.   By  the 
Phragmen-Lindelttf  theorem  (see  Polya-Szegti  [l],  Section  3,    problem 
324)  it  follows  that  |w(A)|„  is  bounded  in  U.   Applying  furthermore 
the  result  of  problem  339  of  Section  3  in  the  same  book  to  w(A)  we 
find  that 

|w(A)|x  =  o(l)   as   |A|  ~>  oo  in  U. 

We  may  now  estimate  the  |  |x  norm  of  the  integral  on,  say, 
the  side  Re  A  =  k:   for  t  >   6' 
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ao 
f       eitAu(A)dA   <  J    e(P'-t)Tl  d^  .  o(l)  =  ^  o(l)  , 
ReA=k  X    0 

which  goes  to  zero  as  k  — ►  co  .  Q.E.D. 

Following  the  proof  of  Corollary  1  of  Theorem  2.1  we  may 
prove 

Corollary  1:   Theorem  2.2  holds  if,  in  place  of  the  assumption 

|u(t)|x£L,  for  t  >  0  we  assume  that  |u(t)|„  belongs  to  L  ,  p  >  1, 

or  to  L°  on  t  >   0,  and  if  we  also  assume  that  R(A)  satisfies 

condition  CR  „  for  some  5  <  0. 
5, a 

It  is  clear  that  an  analogue  of  Theorem  2.2'  may  also  be 

stated,  giving  an  asymptotic  expansion  for  a  solution  of  Lu  =  0 

with,  say,  |u|v€L  on  t  >   0,  in  case  R(A)  is  meromorphic  in 
a   p 

Im  A  >  0  and  satisfies  condition  Cg   for  some  6  <  0,  a  >   0. 
In  analogy  with  Remark  1  after  Theorem  2.1  we  have 

Remark  1:   Let  u  be  a  solution  of  Lu  =  0  on  t  >  0.   Suppose  we 
are  given  an  operator  P  (as  in  that  remark)  such  that  |u(t)|x  and 
|Pu|y  belong  to  L.  and  such  that  x(A)  =  PR(A)u(0)  is  regular  in  a 
strip  0  <  Im  A  <  a  except  for  a  finite  number  of  poles,  and 
regular  in  the  region  (5.1),  and  satisfies  there  |x(A)|x  =  0(e  '  ') 
as  |a|  — >  co  in  the  region  and  |x(A)|x  =  0(eP  Im  A)  as  |a|  — >  oo 
on  the  curved  boundary  of  the  region.   Then  the  conclusion  of  the 
theorem  holds  for  Pu,  where  now  u,  is  the  residue  of  e1  PR(A)u(0) 
at  the  pole  X.  .   If  Ak  is  also  a  pole  of  R(A)u(0)  then  uk  =  Pvk 
where  v.  is  an  exponential  solution  of  Lu  =  0. 

Similar  remarks  can  be  made  in  connection  with  Corollary  1, 
or  for  asymptotic  expansions  of  Pu  in  terms  of  exponential 
polynomials. 
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In  general,  in  deriving  asymptotic  expressions  for  a  solution 
of  Lu  =  0  as  a  sum  of  exponentials,  the  larger  the  region  in  which 
R(A)  is  regular,  the  faster  is  the  speed  with  which  its  norm  may 
be  permitted  to  grow  at  infinity.  We  illustrate  this  by  deriving 
still  another  form  of  Theorems  2.1  and  2.2.  Again  we  say  S  =  Y 
and  denote  RgU)  by  R(A). 

Theorem  2. 3:   Assume  that  R(A)  is  regular  in  a  strip  0  <  Ira  A  <  a 
except  for  a  finite  number  of  poles.   Assume  also  that  R(A)  is 
regular  in  the  two  angular  regions 

F1  :  0  <  arg  (A-c)  <  9J    ,      P2  :  0  <  tt  -  arg  (A+c)  <  92 

for  some  constants  c  >  0,  B^   >  0,  eg  >  0  with  91+92  1  ir>    and 

assume  that  R(A)  satisfies  there 

a|sin  e,A| 
(5.2)    |R(A)|X  =  0(e       x      )  as  |a|  ->   oo  in  F±    ,   i  =  1,2  ; 

here  a  is  a  nonnegative  constant.   Let  u(t)  be  a  solution  of  Lu  =  0 

iA.t 
with  |u|x6  L1  for  t  >   0,  and  let  u.  =  e  J  p.(t)  be  the  residue  of 

eitAR(A)u(0)  at  the  poles  A  ,  j  =  1,.. .,m  lying  in  the  interior  of 

J 

the  strip,  i.e.  in  0  <  Im  A  <  a;  assume  Im  A.  <  a-e  <  a, 

j  =  l,...,m.   Then  u(t)  may  be  extended  as  a  complex  analytic 

function  of  t  =  cr+ix  (with  values  in  X)  into  the  angular  region 

(5-3)  -91  <   arg  (t-a)  <  B2 

and  satisfies  there 

■  (a-e)uu    -(a-e)^ 


m                        II  r              ^1 
|u(t)  -2H  uk(t)'x  -  constant  |u(0)|YeC|T|  i- 
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where 

\i1  =    or-  a  +  x  cot  8j  ,    u2  =  r-  a  -  t  cot  02  , 

and  the  constant  depends  only  on  the  operator  A. 

Proof:  We  merely  give  a  sketch  of  the  proof  since  it  is  very 

similar  to  the  proof  of  Theorem  2.2. 

As  before  we  extend  u(t)  as  zero  for  t  <  0  and  take  Fourier 

transforms 

u(A)  =  — —  RU)u(O)  ,     A  in  resolvent  set  . 
l/SF 

This  formula  yields  an  extension  of  u(A)  as  a  meromorphic  function 
into  the  region  U  =  the  union  of  F,  ,  Fg,  and  the  strip  0  <  Im  A  <  a, 
Since  |u(A)|x  =  o(l)  is  |a|  — ■ >  co  ,  A  real,  we  find,  on  applying  the 
Phragmen-Lindelof  principle  in  each  F±   that  |u(Mlx  =  0(eaImA) 
in  F. ,  i  =  1,2.   Proceeding  as  in  the  proof  of  Theorem  2.2  we  set, 
for  t  >  a, 

V(t)  =  -i-   reitAu(A)dA 

where  now  P  consists  of  a  broken  line  segment  consisting  of  a 
segment  P  :   Im  A  =  a-e,  -c2  _^  Re  A  ^  c,  (with  endpoints  on  the 
sides  of  the  two  angular  regions  F,,  Fp,  so  that 
c.  =  c+(a-e)tan  9*),   and  of  the  two  infinite  lines  P,,  P_ 
running  from  the  endpoints  of  P ,  to  infinity  along  the  sides  of 
F1  and  F2.   The  integral  is  absolutely  convergent,  for  on  the 
infinite  line  segments  P1,  P2,  of  P, 

|eitAu(A)|x  <  constant  e'"4 )Im  A |u(0) | y  . 
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Set  v.(t)  =  the  contribution  of  the  integral  over  the  line 
P,,  so  that  v  =  v^j+Vg+v,.   Clearly  v  (t)  is  an  entire  function 
of  t.  We  see  furthermore  that  v,(t)  may  be  extended  as  an  analytic 
function  of  complex  t  =  cf  +  it  in  the  half  plane  0<  arg(t-ct)  +  6    <  u, 
for  on  P,, 

,..  '  -Im  A(cr-a  +  T  cot  0.  ) 

|eiru(A)|x  <  constant  |u(0)|y  eCTe  X       , 

while  on  P2, 

uu  -_  -Im  A(t-  a  -t  cot  9    ) 

|eltAu(A)|Y  <  constant  |u(0)| 


V     v/uuui/auu       |«\«/    |y 


e    e 


so  that  v2  is  analytic  in  the  half  plane  0  <  0_  -  arg  (t-a)  <  ir. 
Since,  on  P,, 

|eltAu(A)|x  <  constant  |u(0)|y  e"T  Re  A-°-(a-£) 

it  follows  that  v(t)  is  analytic  in  the  angle  -B.    <   arg  (t-a)  <  9^. 
and  satisfies  there:   for  cr-a+x  cot  6,  =  U.,,  <r- a  -  t  cot  0p  =  u.2, 


|v(t)|x  ^_   constant  |u(0)|y  ec 


-(a-e)u.,    -(a-e)d2 
Tl  (5 +  2 ] 


The  remainder  of  the  proof  is  like  that  of  Theorem  2.2.   Our 
estimate  |u(A)|x  =  0(ea  m   )  enables  us  to  deform  the  contour  P 
and  we  find,  as  before,  that 

m 
u(t)  =  v(t)  +  YZ  uu(t)  • 
1   K 

The  theorem  then  follows  from  the  preceding  inequalities. 
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Remarks:   1)  If  in  Theorem  2.3  we  drop  the  assumption  that  R(A)  is 

meromorphic  in  the  strip,  and  simply  assume  it  to  be  regular  and 

satisfy  (5»2)  in  F^  F2  we  may  still  assert  that  the  solution  u(t) 

is  analytic  in  the  angular  region  (5. 3).   For  in  the  proof  we  may 

replace  [~*  by  the  broken  line  segment  ["*'  consisting  of  p_: 

-c  <  A  <  c,  and  the  two  infinite  lines:   Im  A  =  ( |Re  A|  -  c )  tan  9.  , 

The  inverse  Fourier  transform  of  u(A)  on  these  infinite  lines  is 

1 
treated  as  before,  while  the  contribution  from  the  segment  P,  is, 

of  course,  an  entire  function  of  t  (of  exponential  type).   See 

Chapter  IV. 

2)  Clearly  one  may  prove  analogues  of  Corollary  1  of 
Theorem  2.2  and  Corollary  1  of  Theorem  2.l',  giving  asymptotic 
expansions  for  a  solution  of  Lu  =  0  —  in  case  R(A)  is  also 
meromorphic  in  the  whole  upper  half  plane. 

3)  If,  as  in  the  remarks  after  Theorems  2.1  and  2.2,  we  are 
given  an  operator  P  with  PR(A)u(0)  meromorphic  in  the  strip,  and 

regular  in  the  region  F.  where  it  satisfies 

a  I  sin  9. a| 
|PR(A)u(0)|x  =  0(  ),  i  =  1,2,  then  P  is  analytic  in  the 

angular  region  (5«3)  and  satisfies  an  estimate  similar  to  the  one 

for  |u|y  in  the  theorem. 

It  is  interesting  to  observe  that  under  the  conditions  of 
Theorem  2.3  it  is  possible  to  give  a  lower  bound  for  the  norm 
|u(t)|y  of  a  solution  u  of  Lu  =  0  for  large  t.   This  is  based  on 
a  device  used  by  Krein  and  Prozorovskaya  [1]. 

Before  stating  the  result  we  observe  that  if  a  =  0  in  the 
theorem,  so  that  R(A)  is  regular  on  the  real  axis  except  for  at 
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most  a  finite  number  of  poles  then  the  theorem  yields  the  inequality 
in  the  region  (5-3):   for  u^,  Hg  *  some  positive  constant  p., 

(5.4)        |u(t)lx  <  constant  i  |u(0)|Y  ec'T|  . 

The  part  of  (5«3)  in  which  u^,  p.g  ^  p.  consists  of  the  region  (5«3) 
translated  to  the  right  by  a  distance  u.. 

We  now  state  the  result  giving  a  lower  bound  for  |u(t)|y  in 
the  form  of  a  "convexity  theorem". 

Theorem  2.4:   Assume  that  R(A)  satisfies  the  hypotheses  of  Theorem 
2 . 3  with  a  =  0 ,  and  assume  that  u ( t )  is  a  solution  of  Lu  =  0  with 
|u|,,€L,  on  t  >  0.   Let  u.  be  a  positive  constant  and  let  t  be 
fixed.   Set  6  =  (tQ-a-u)/t.   ( i)  If  e± +  9g  <  v   then,  for  any 
positive  number  <|>  <  (0,+9p)/2  =  d,    there  exist  positive  constants 
C-, ,  Cp,  b  depending  only  on  A,  9.,    9       <j)  and  u.,  such  that 

|u(tQ)|x  <   C1C2°|u(t)|^|u(0)|Y"7  ,  for  0  <  6  <  1 

where 

rr 

y  =  Kb2**    . 

(ii)  If  0.,+  02  =  it   there  are  constants  0,,  C2  depending  only  on  A, 
e2   and  V-   such  that 

|u(t0)lx  <  C1C2°|u(t)|^  |u(0)|1_6,  for  0  <  6  <  1  . 

Thus  if  we  fix  t  we  see  that  for  any  solution  u(t),  with 
|u(t)|y€  L,  on  t  >  0,  there  is  a  constant  P  (depending  on  the 
solution)  such  that  for  t  >   t 
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w 
|u(t)|Y>e"pt   |u(0) | Y       incase  S    + Q^  <  w   , 

|u(t)|T  >  e"Pt|u(0)|y         incase  0  + ©2  =  w   . 

Proof;   The  term  "constant"  will  always  denote  some  constant 
depending  only  on  A,  <|>,  6^,    ©2  and  u..   According  to  (5.4)   u(t)  is 
analytic  in  the  angular  region  G,:  -0,  ^_   arg  (t-a-p.)  _^_  0?,  and 
satisfies  there,  for  t  =  T+if, 

|u(t)lx  <  constant  |u(0)|yec'Tl  . 

For  some  T  >  0  we  may  apply  the  theorem  to  u(t-T)  and  conclude  that 
in  the  angular  region  G2:   -0,  ^_   arg  (t-a-|i-T)  ^_  9^,    G2  <=.  G,, 

(u(t)lx  <  constant  |u(T)|Yec'T'  . 

Suppose  91+  92  <   tt,  set  0  =  C0,+©g)/g,  ^  =  [Q^.Q.)/2,      In  G1 

we  have 

■  If 


Re 


(foil?  ^"^0-  |t-a^1  -  |t| 


so  that  the  function  w(t)  =  e-c(  t-a-l1  )e   sec  e  u(t)  satisfies 
|w(t)|„  <  constant  |u{0)|„  in  G,  , 
|w(t)|x  <  constant  |u(T)|y  in  G2  . 

Let  us  suppose  now  that  02  *  0,;  if  02  <  0,,  the  argument  is 
very  similar.   Through  a-ty,  draw  a  line  segment  I   (in  the  t  =  cr+ it 
plane),  with  slope  tan  if/,   until  it  touches  the  boundary  of  G2  at 
some  point  t  . 
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a+u. 


sin  e. 


By  the  law  of  sines  i   has  length  T 


iin 


For 


let  Gi  be 


1*. 


the  angular  region  |arg  ((t-a-p.)e~  f)\   ^_   <p,  which  has  I   as  its 

bisector  at  the  vertex.  Let  G,  be  the  angular  region  obtained  by 

translating  G2  parallel  to  itself  so  that  the  new  vertex  is  at  t', 

i.e.   G,  is  given  by  -0]L  <  arg  (t-t')  ^_   9g. 

We  now  make  a  conformal  transformation  of  variable  by  setting 
■w 

z  =  z(t)  =  [(t-a-n)e"  *]  *.  This  maps  Gl  onto  the  half  plane 


.-  ■■ 

:  «j  ■      -       •  ;■  -  !        -  \ 

■ 


'         .  '         .    .    "  ■      - 


58 


Re  z  >   0.   A  (somewhat  tedious)  calculation  shows  that  the  line 

Re  z  =  k  =  (T  sin  92)^  (sin  Q  ~\l)       ^   =  d"1^  lies  in  the  image 

TT 

of  the  angle  G,  (d  is  here  defined).   Thus  weconclude  that  the 
vector  valued  function  f(z)  ■  w(t"  (z))  is  analytic  and  bounded  in 
the  closed  strip  0  ^   Re  z  _^  k  and  satisfies 

|f(z)|x  <  constant  |u(0)|Y   for  Re  z  =  0  , 

|f(z)|x  <  constant  |u(T)|y   for  Re  z  =  k  . 

We  now  apply  the  "three  lines  theorem"  and  infer  that  for 

0  1  Re  zlk 

|f(z)lx  <  constant  |u(0)|y        |u(T)|y 


Returning  to  our  t  variable  we  see  that  for  t  =  t  real, 

TT 

a+V-  1  tQ  1  a  +M-+  T,  so  that  Re  z/k  =  d  cos  ||  (  t'j"iX)^  the 
inequality  takes  the  form 

|w(tQ)|x  <  constant  |u(0) | y~7|u(T) |y  ,   y   =  d  cos  |f  (  ^^)2<t> 


Thus 


/  .        \COS  ^ 

c(t  -a-p.)— ~-£ 


|u(to)|x=e      -°  C°s8|w(t0)lx 

/.        \COS  ill 

c(t  -a-p.)   °  q 
<  constant  e   °     cos  6  |u(0)|*  '|u(T)|y 


Since  T  was  arbitrary  we  have  the  desired  result,  with 
c  cos  ji 

C2  =  e  cos  Q   and  b  =  d  cos 


. 


. 


■ 


( 


' 


. 
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Consider  now  the  case  0,  +  0p  =  it.   The  region  G,  is  now  a 

half  plane.   The  set  of  points  in  G,  which  are  not  in  Gp  form  a 

strip,  with  line  I   (as  above)  perpendicular  to  its  sides.   If  t„ 

is  the  distance  from  any  point  t  in  the  strip  to  the  line  I   we 

-ct^sin  9 
find  that  |u(t)|xe         is  bounded  in  the  strip  and  that 


ct»  sin  9 

|u(t)|x  <  constant  |u(0)|„e  on  the  boundary 

of  G1   , 

c(t,+T|cos  9    \ )sin  9 

|u(t)lx  ^   constant  |u(T)|Ye  on  the  boundary 

of  G0  . 


Applying  again  the  "three  lines  theorem"  in  a  slightly  more 
refined  form  (see,  for  instance,  I.  I.  Hirschman  [l],  Lemma  1) 
we  obtain  the  following  inequality  for  real  t,  chu.  ^  t  *  a+u.+T, 
so  that  tj,   =  (t-a-p.)sin  0o, 

ct.  sin  9  1-^=^ 

|u(t)|Y  <  constant  e  *       |u(0)|v 


/-cT  sin  9    |  cos  9   \  _  \^P^ 

{e  d  d    |u(T) 


<   constant  c|| u(0 )  | ^"5 1  u(T)  1 1  ,      6  =  ^^  ; 

c(sin20p  +  sin  0  J  cos  9   \  ) 
with  C2  =  e       *       *  .   Setting  t  =  tQ,  T  =  t  we 

obtain  the  desired  inequality. 


•;    ; 


. 


. 


" 


. 


. 


6.  An  abstract  Weinstein  principle 

We  now  derive  a  theorem  which  may  be  called,  following  Lax, 
an  abstract  Weinstein  principle  (see  P.  D.  Lax  [3],  §1.5  and 
A.  Weinstein  [1-2]  where  other  references  are  also  given). 

Theorem  2.5:   Let  u(t)  be  a  solution  of  Lu  =  0  on  the  whole  t-axis, 

and  assume  that  for  a  pair  of  real  numbers  a,  b,  ea  ju( t ) 1 y  belongs 

to  L,  on  t  <  0  and  e"bt|u(t)|x  belongs  to  L±   for  t  >   0.   Then: 

(i)  If  a+b  <  0,  u(t)  =  0.   (ii)  If  a+b  =  0  and  if  R(A)  is  regular 

on  some  interval  on  the  line  Im  A  =  a  then  u(t)  =  0.   (iii)  If_ 

a+b  >  0  assume  that  R(A)  is  meromorphic  in  the  closed  strip 

-b  <  Ira  A  <  a,  and  that  for  some  constants  k,  a,  k  >  0, 

r  k „a|Re  A I ■ 
0  <  a  <  -^,    |R(A)|  =  0(e        )     as  |A|  -*  00  in  the  strip. 

iA.t 
Then  u(t)  is  a  finite  sum  of  exponential  solutions  u.  =  e  J  p., 

where  A.  are  the  poles  of  R(A)  in  the  open  strip  -b  <  Im  A  <  a. 

If,  furthermore,  each  such  pole  A.  has  finite  multiplicity  then  the 

J 

set  of  solutions  satisfying  the  above  conditions  is  finite 
dimensional. 

Note  that  R(A)  is  not  assumed  to  be  compact. 

We  recall  (see  Dunford- Schwartz  [l],  §VII.3)  that  if  AQ  is  a 
pole  of  R(A)  of  order  r  then  AQ  has  index  r,  i.e.  the  null  spaces 
of  (A  -A) ^  are  strictly  increasing  with  j  until  j  =  r  after  which 
they  remain  constant.   The  dimension  of  the  null  space  of  (AQ-A) 


Proof:   By  considering  in  place  of  u  the  function  w  =  e"  u(t), 
which  satisfies  (L  -ib)w  =  0  we  may  suppose  that  b  =  0;  note  that 
e(a+b)t|w(t)|x<?  L1  for  t  <  0. 


.< 


' 


• 


• 
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Supposing  then  that  b   =  0,    set 

:0D 


u+(A)   =  -i-      / 

/2?    J 


■iAt 
e 

0 

u  (A)  is  analytic  in  the  half  plane  Im  A  >   0  and  bounded  and 

continuous  in  its  closure,  while  u_(A)  is  analytic  in  the  half 

plane  Im  A  >   a  and  continuous  and  bounded  in  its  closure. 

Furthermore,  in  its  relevant  half  plane  we  have  (A-A)u.  =  — = —  u(0) 

-   l/SF 
or 

u+(A)  =  — —  R(A)u(0)  ,    A  in  resolvent  set. 
i/2? 

If  a  *  0  it  follows  that  u  (A)  and  u  (A)  are  analytic 
extensions  of  each  other,  and  hence  define  an  entire  bounded 
analytic  function  —  which  by  Liouville's  Theorem  must  be  constant. 
Since,  however,  |u+(A)|x  — >  0  as  A  — >  co  on  the  real  axis  it 
follows  that  this  constant  must  be  zero.   Thus  u+(A)  ■  0  and  hence 
u(t)  =  0. 

Suppose  then  that  a  >   0.   Since  R(A)  is  meromorphic  in  the 
strip  0  <  Im  ^  <  a  the  formula  above  gives  common  analytic 
extensions  of  u+(A)  and  u  (A)  into  this  strip  as  meromorphic 
functions,  so  that  u  and  u  are  analytic  extensions  of  each 
other.   Let  us  denote  by  w(A)  the  meromorphic  function  in  the 
whole  plane  defined  by  them.   Since  u  (u  )  is  continuous  on  the 
line  Im  A  =  0  (a)  it  follows  that  the  only  possible  poles  of  w(A) 
are  the  poles  A,,..., A  of  R(A)  in  the  strip  0  <  Im  A  <  a. 

By  our  hypothesis  on  R(A)  we  see  that  in  the  closed  strip 

r  kpa|Re   A | \ 
0  <  Im  A  <  a,    |w(A)|x  =  0>\q  J  as   |a|   ->  oo  ,   where 


:    :  ■'         '         ■  •  ■■■■    ■  . 

''■■■■■' 

■ 
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0  <  a  <  £,  while  on  the  boundary  of  the  strip  |  w(  A)  |x  is  bounded, 
in  fact,  |w(A)|x  =  o(l)  as  |a|  — >  oo  on  the  boundary  of  the  strip 
(by  the  Riemann-Lebesgue  lemma).   Applying  the  Phragmen-Lindelof 
theorem  (see  problems  333  and  339  in  §3  of  Polya-Szegfl  [1])  we 
infer  that  |  w( A )  | x  =  o(l)  for  |a|  — >  oo  in  the  strip. 

Now  let  R.(A)  be  the  singular  part  of  R(A)  (in  its  Laurent 
expansion)  at  the  pole  A..   By  the  previous  paragraph  the  function 

w(A)  -  -i—  YH   R.U)u(O) 

is  a  bounded  entire  function  which  tends  to  zero  as  |a|  — >  go  on 
the  real  axis.  Hence  this  function  is  zero,  so  that 

u+u)  =  -i-  r~  r,u)u(q)  . 

i/2?    j    J 

Taking  inverse  Fourier  transforms  we  find  easily  that  u(t)  is 
equal  to  the  sum  of  residues  of  (e  s  R.(A)u(0))  at  A.,  i.e.  to  a 
sum  of  exponential  solutions.  Q.E.D. 

Corollary  1;   Let  u(t)  satisfy  the  conditions  of  Theorem  2.5  with 
L,  replaced  by  L  for  some  p  >  1,  or  by  L  .   If  a+b  <  0  then 
u(t)  =   0.   If  a  +  b  >   0  assume  that  R(A)  is  meromorphic  in  an  open 
horizontal  slit  containing  -b  <  Im  A  <  a  and  satisfies  there  the 
same  growth  condition  at  infinity  as  in  the  theorem.   Then 
conclusions  (ii)  and  (iii)  of  the  theorem  hold. 

To  prove  the  corollary  we  need  only  observe  that  for  any 
positive  e,  e(a+e)t|u(  t)  |x  %  L]L  on  t  <  0  and  e~(b+£)t  |u(  t)  |x  «  L± 
on  t  >   0.  Using  the  theorem  we  conclude  that  u  is  a  sum  of 


!  - 

1 
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^l*  *         * 

exponential  solutions  e  J  p.(t)  where  A.  are  poles  of  R(A)  in  the 

closed  strip  -b  <  Im  A  <  a.   Since,  however,  ea  |u(t)|v£L  or  L° 

—  A    p       CD 

for  t  <  0  and  e"   |u(t)|Y  belongs  to  L  or  L°  for  t  >  0  we  see 

A  P       00 

that  only  the  poles  A.  in  the  interior  of  the  strip  can  make  any 

J 

contribution  to  this  sum. 


7-  Completeness  of  exponential  solutions 

We  turn  now  to  the  question  of  completeness  of  exponential 
solutions  of  Lu  =  0  among  all  solutions  satisfying  some  conditions 
on  t  >   0.  We  shall  suppose  S  =  Y  and  set  Rg(A)  =  R(A).   In  §5, 
assuming  that  R(A)  is  meromorphic  in  Im  A  >  0,  we  have  obtained 
an  asymptotic  expansion  for  u(t)  as  a  sum  of  exponential  solutions. 
Thus  the  completeness  of  these  solutions  is  tied  up  with  the 
question  whether  there  are  solutions  of  Lu  =  0  decaying  faster 
than  any  exponential  as  t  —>   oo  .   In  Theorem  2.4  we  have  proved 

under  rather  strong  conditions  that  no  nontrivial  solution  can  die 

3tp 
down  faster  than  e     for  some  (3  and  p. 

Our  conditions  on  R(A)  to  ensure  completeness,  or  to  show 

that  u  =  0  is  the  only  solution  decaying  faster  than  every 

exponential,  will  involve  the  lower  order  co  of  R(A)  defined  as 

follows: 

Definition:   R(A)  as  a  map  from  Y  into  X  (or  Y)  is  of  finite  lower 
order  co  >  0  in  the  half  plane  Im  A  >  0  if  for  every  e  >   0  there 
exists  a  sequence  of  differentiable  Jordan  arcs  Jn  lying  in 
Im  A  >  0,  with  endpoints  on  the  real  axis  on  both  sides  of  the 
origin,  such  that  the  distance  of  J  from  the  origin  tends  to 
infinity  and  such  that  (i)  R(A)  exists  on  Jn  and 


1 
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lR(A>'x  (or  Y)  !•'  '         for  A€Jn  « 

(ii)  co  is  the  smallest  nonnegative  number  with  this  property. 

We  shall  have  need  of  the  following  result  which  we  state 
for  scalar  valued  analytic  functions,  but  which  may  be  extended 
easily  to  analytic  functions  with  values  in  a  Banach  space. 

Lemma  2.1:   Assume  that  f(A)  is  analytic  in  the  upper  half  plane 
Im  A  >   0  and  continuous  in  its  closure  and  that  |f(A)|  ^_  M,  for  A 
real.   Assume  that  on  a  sequence  of  half  circular  arcs  J  with 
origin  as  centers  and  endpoints  on  the  real  axis,  and  with  radii 
— >  qd  ,  f(A)  satisfies 


|f(A)|  <  M0ea|A| 


on  J  , 


where  a  is  a  nonnegative  constant.   Then,  if  M  =  max  (M,,M2), 

li 

—  a  Im  A 
|f (A)  |  <  Me71"  for  Im  A  >  0  . 

Proof:   We  may  assume  M  =  1.   We  shall  apply  Theorem  H  of  the 

Appendix  in  the  book  by  Levinson  [1]  to  one  of  the  half  circles 

J  of  radius  r  .   According  to  this  theorem  we  have  for  A  inside 
n  n 


J  (in  case  |f|  <  1  on  the  real  axis) 


lo-        2r 


0 


(r2-  |A|2)  sin  i 


ry1*  -  2rne1(^  Re  A+|a|2|'^ 


d(f) 


i. 
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To  illustrate  the  use  of  lower  order  we  start  with  a  simple 
result. 

Theorem  2.6:   Let  u(t)  be  a  solution  of  Lu  =  0  with 

|u(t)!y  =  0(e"at)         as  t  -^  oo 

for  every  real  a.   Assume  that  R(A)  satisfies  either  (i)   R(A)  is 

regular  on  a  sequence  of  half  circle  arcs  J n  in  Im  A  >^  0  with  the 

origin  as  centers  and  radii  tending  to  infinity,  such  that 
7rai  I 

|R(MIy  =  °(e     )  uniformly  on  the  J  ,  for  some  positive  a;  or 
(ii)  R(A),  as  a  map  of  Y  into  Y,  is  of  lower  order  o>  >   1  in 
Im  A  >  0,  and  there  exist  non-overlapping  differentiable  arcs 
7,, • ' *  >7k   issuing  from  a  point  on  the  real  axis,  and  otherwise 
lying  in  Im  A  >  0,  such  that  each  of  the  k+1  regions  into  which 
Im  A  >  0  is  divided  by  these  arcs  is  contained  in  an  angle  with 
opening  <  ^.  Moreover  R(A)  exists  on  each  y.   for  |a|  sufficiently 
large  and 


|R(A)|V  =  0(ea,Al)       for  |a|-^oo,   A «?  y 


for  some  constant  a  >   0.   Then  u(t)  =  0  for  t  >  a. 

Note  that  R(A)  is  not  assumed  to  be  meromorphic. 

Proof:   Let  u(A)  be  the  Fourier  transform  of  u(t)  (extended  as 

zero  for  t  <  0).   Then  u(A)  is  an  entire  function  (in  Y)  of  A  with 

bounded  norm  in  the  half  plane  Im  A  <  0;  furthermore  |u(A)|y  — >  0 

as  |a|  — > oo  ,  A  real.   Consider  hypothesis  (i);  __ 

u(A)  =  — i—  R(A)u(0)  then  satisfies  |u(A)|v  =  0(eH    )  uniformly 
1/2?  Y 


. 


' 


' 


■ 


' 


■ 
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on  the  Jn.   By  Lemma  2.1,  |u(A)|y  <  Cea  Im  A|u(0) | y  In  Im  A  >  0, 
and  It  follows  from  the  Paley-Wiener  theorem  that  u(t)  =  0  for 
t  >  a. 

In  case  (il)  we  apply  the  Phragmen-Lindelof  principle  to 
each  of  the  regions  in  which  Im  A  >  0  is  divided  by  the  arcs  y. 
and  deduce  that  |u(i)ly  =  0(ea"  ')  in  the  upper  half  plane. 
Applying  a  form  of  the  Phragme'n-Lindelflf  theorem  again  (see  the 
proof  of  Theorem  1.4.3  in  Boas  [l])  we  see,  in  fact,  that 
|u(A)|y  =  0(ea  Im  A)  in  Im  A  >  0,  and  the  desired  result  follows 
once  more  with  the  aid  of  the  Paley-Wiener  theorem. 

In  §5  we  obtained  an  asymptotic  Fourier  expansion 

u(t)  ~  YH  Uj(t) 

for  solutions  of  Lu  =  0  in  t  >   0,  where  u.  is  an  exponential 
solution  of  Index  m.  corresponding  to  each  A.  (the  poles  of  Ro(A) 
in  Im  A  >  0).  We  shall  now  prove  completeness  of  exponential 
solutions  in  the  following  sense:   we  give  further  conditions  to 
ensure  that  under  the  same  hypotheses  giving  asymptotic  expansions; 
if  we  are  given  e  >   0  and  N  >   0,  there  exists  a  finite  linear 
combination 

n   mi-! 
(7.D  *<t)  -  £-  raikuftt) 

j=l  k  =0  JiC  J 

(see  the  Introduction)  such  that 


|u(t)  -^(t)|x  <  ee~        for  t  >  some  fixed  constant. 


■  • 
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The  completeness  results  will  be  based  on 

Lemma  2.2:   Let  u(t)  be  a  solution  of  Lu  =  0  with  |u(t)|y€L,  on 
t  >  0.   Assume  that  u(t)  has  an  asymptotic  Fourier  expansion 

u(t)  ~  YZ.  ^.(t) 

iA.t 
where  u .  =  e    p .  is  an  exponential  solution  of  index  m. ,  in  the 
J         J  J 

sense  that  there  is  some  constant  xQ  such  that,  for  any  N  >  0, 
k 


there  is  a  finite  sum  >   u.  with 


|u(t)  -  YH  ujydt  <  e"Nx       for  t  >  tq 

T 


Assume  that  R(A)  satisfies  the  conditions  ((i)  or  (ii))  of 
Theorem  2.6.   Then  given  e  >  0  there  exists  a  finite  linear 
combination  ip(t)   of  the  form  (7.1)  such  that 


|u(a)  -tMa)lY  1  e 


Proof;   By  the  Hahn-Banach  theorem  this  is  equivalent  to  the 
statement  that  if  h*  is  any  bounded  linear  functional  on  Y  such 
that 

(7.2)       h*(ukj)(a))  =  0   for  k  =  0,...,mj-l  :   J  =1,2,... 

then  also  h*(u(a))  =  0. 

Let  u(A)  be  the  Fourier  transform  of  u(t)  (extended  as  zero 
for  t  <   0).   Clearly  u(A)  is  a  meromorphic  function  with  poles 
at  the  A  .   The  function  h*(u(A))  is  then  a  scalar  valued  analytic 
function  in  the  compex  A  plane  with  the  exception,  perhaps,  of  the 


.. 
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poles  A  .  of  u( A)  in  Im  %  >   0.   However  the  coefficients  of  the 
negative  powers  of  (A-A.)  in  the  Laurent  expansion  of  u  about  A. 

(1)       (mr1) 

are  vectors  lying  in  the  span  u.(0),u^.  ;(0),...,u  J    (0)  (see 

the  Introduction).   Because  of  (7.2)     h*(u(A))  is  then  regular  at 

A.,  and  consequently  is  an  entire  function  of  A. 

Next  we  observe  that  since  |u(A)|y  is  bounded  in  Im  A  ^  0 

the  same  is  true  of  h*(u(A)).   Moreover  applying  the  Phragmen- 

Lindelflf  principle  as  in  the  proof  of  Theorem  2.6  (recall  that 

u(A)  =  -±—   R(A)u(0))  we  find  h*(u(A))  =  0(ea  Im  A)  in  Im  A  >  0. 
i/2?       ^^^ 

Since  h*(u(t))  =  h*(u(A))  it  follows  with  the  aid  of  the  Paley- 
Wiener  theorem  that  h*(u(t))  =  0  for  t  >  a.   In  particular, 
h*(u(a))  =  0,  and  the  lemma  is  proved. 
Now  for  completeness 

Theorem  2.7:   Let  u(  t )  be  a  solution  of  Lu  =  0  with  |u(  t )  lx^  L. 
on  t  >  0.   Assume  that  R(A)  satisfies  the  conditions  of  Theorem 

2.2  and  is  meromorphic  in  Im  A  >  0.   Assume  furthermore  that  R(A) 

oo 
satislfes  the  hypotheses  of  Theorem  2.6.   Let  >   u .( t )  be  the 

1   J 
iA.t 


exponential  solution  of  index  m.  corresponding  to  the  pole  A.  of 

J  J 

R(A).   Then,  given  e  >  0  and  N  >  0  there  exists  a  finite  linear 
combination  ^  of  the  form  (7.1)  such  that 

(7-3)   |Dj(u(t)  -^(t))|x  <  ee"Nt  for  t  >  r  .+a   ;  j  =  0,1,2, ...  . 

(t.  are  constants  in  Theorem  2.2,  and  a  is  a  constant  in  Theorem 
2.6.) 


' 
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Proof:   Suppose  Im  A  .  >  N  for  j  >   m  and  consider 

m    J 
v(t)  =  u(t)  -  >   u.(t).   Clearly  v(t)  has  as  asymptotic  expansion 

oo 

_  u,(t).   Applying  the  preceding  lemma  to  v(t)  we  find  that  there 
m+1   J 
is  a  finite  expansion  of  the  form 

m.-l 

»(t) 


such  that 


^'-  £  S a^ 

|v(a)-*  (a)|   <  if  e"Na  . 
o 

It  follows  from  Theorem  2.2  applied  for  t  >  a   that  for  j  =  0,1,... 
|DJ(v(t)-^(t))|x  <  Koe-N(t-a)|v(a)  -^(a)|Y  1 


•NU-a),,,,^  „.  ,„,,   .  ee-Nt   t  >  T 


-  J 


|DJ(u(t)  -  5^Z  uj(fc)  -^(t)lx  <  ee'Nt  ,    t  >  r.+a   .       Q.E.D. 

Remarks :   1)  It  follows  from  Corollary  1  of  Theorem  2.2  that  if  we 
require  u(t)tL  or  L   instead  of  L,,  and  if  we  assume  that  R(A) 
also  satisfies  the  conditions  of  the  corollary,  then  the  inequality 
(7-3)  still  holds. 

2)  It  is  clear  that  if  we  assume  R(A)  to  satisfy  also  the 
conditions  of  Theorem  1.5  then  we  can  obtain  such  a  completeness 
theorem  for  u  in  an  angle  in  the  complex  t-plane. 

It  is  of  interest  to  investigate  the  completeness  of  (all) 
exponential  solutions  among  solutions  of  Lu  =  0  on  a  finite 
interval  |t|  ^_  T.   We  present  a  typical  result  in  this  direction. 
Up  to  now  our  conditions  on  the  resolvent  R(A)  have  been 


; 


• 
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(essentially)  only  in  the  upper  half  plane.   We  shall  now  impose 
conditions  in  both  half  planes  (for  convenience  we  shall  make  these 
symmetric  in  form  about  the  real  axis). 

Consider  a  solution  u(t)  on  the  interval  |t|  ^_  T.   On 
extending  it  as  zero  outside  the  interval,  and  taking  Fourier 
transforms  we  find 

(7.4)   u(A)  =  -i—  R(A)(e1ATu(-T)  -  e"iATu(T))  ,   A  in  resolvent. 

The  function  u(A)  is  entire,  of  exponential  type. 
We  shall  prove  an  analogue  of  Theorem  2.7. 

Theorem  2.8:   Assume  that  R(A)  is  meromorphic  in  the  entire  plane, 
and  regular  in  the  region 

(7-5)        |Re  A|  >  c  ,     |lm  *  I  <  C  log  |Re  A|  , 

with  I  R(  A )  I  x  =  0(ec5'A'  )  as   |a|  — >  00  in  the  region.   Assume  also 

that  I R( A ) I x  =  0(eP'Im  A'  )  as  A  — >  00  along  the  boundary  of  the 
region.   Here  c,  C,  'J",  f3  are  nonnegative  constants.   Let  t  be  a 
constant,  t  >  P  +  77-  Assume  furthermore  that  R(A)  and 
R'(A)  =  R(-A)  satisfy  one  of  the  conditions  (i)  or  (ii)  of  Theorem 
2.6.   With  a  as  given  in.  Theorem  2.6  suppose  that  a+  t    +  -~  <  T 

for  some  integer  j  ^_   1  then,  given  any  e  >   0,  there  is  a  finite 

n 

sum  t{/  =   )    u,  of  exponential  solutions  such  that 
j   K 

|DJ(u-^)|x  <  e  on   |t|  <  T-  a-  tq  -  jQ/c     for  0  <  j  <  jQ    . 
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Proof:   We  shall  write  u(t)  as  a  sum  of  two  solutions  of  Lu  =  0 
on  overlapping  intervals  (t  -T,oo)  and  (-co,T-t  );  each  of  these 
will  be  approximated  by  exponential  solutions.   We  may  suppose 
that  R(A)  has  no  poles  on  the  real  axis,  for  if  it  does  we  may 
always  consider  v  =  e  u  in  place  of  u,  for  some  small  positive  6; 
v  is  then  a  solution  of  j-  rrr  -   (A-i6)v  =  0,  and  by  appropriate 
choice  of  6  the  operator  (A-i5)  will  have  no  real  points  in  its 
spectrum.   So  we  suppose  R(A)  regular  on  the  real  axis.   Taking 
inverse  Fourier  transforms  in  (7-^)  we  have 


u(t)--i-  f    e^^RUJut-UdX— i-  f    eiX(t-T)B(X)u(T)<lX  . 
^      -00  ^2V   -GO 

Let  P   (  T1  )  be  the  curve  consisting  of  the  segment 
-c  1   A  1   c  and  the  two  curves  lying  on  the  boundary  of  the  region 
(7«5)  In  the  upper  (lower)  half  plane.   We  imagine  the  curves  to 
have  the  orientation  of  increasing  Re  A.   As  a  first  step  in  the 
proof  we  show  that  u(t)  =  u  (t)+u_(t)  for  |t|  <  T-t  ,  where 


u  (t)  =  -i—  f    eiMt+T)R(A)u(-T)dA  , 
l_  f    eiMt-T)R(A)u(T)dA  ( 


u  (t) 


1/2TT 


As  in  the  proof  of  Theorem  2.2  one  checks  that  these  integrals  are 
absolutely  convergent.   To  obtain  this  formula  we  would  like  to 
deform  the  real  axis  into  the  contour  f   or  P  as  in  the  proof 
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of  Theorem  1.4.   However  we  no  longer  know  that  |R(A)u(-T)|Y  is 
bounded  on  the  real  axis,  so  that  infinity  is  troublesome. 
To  get  around  this  difficulty  we  introduce  a 

Multiplier;   For  some  fixed  number  r  >   1  define  q  for  all  values 

of  A  in  the  complex  plane,  except  for  those  A  /   0  which  are  purely 

imaginary,  as  follows 

xr 
q(A)  =  e       for  Re  A  >  0 

(7.6)  q(A)  =  q(-A)    for  Re  A  <  0 

q(0)  =  1 

where,  for  Re  A  >  0  the  principal  value  of  Ar  is  taken.   Clearly 
q(A)  is  analytic  in  each  half  plane  Re  A  >  0,  Re  A  <  0  and,  in  any 
double  angle  |arg  (±A)|  _^_  a, 

(7.6)'  |q(A)|  <  e-cos(ra)|A|r  # 

On  the  real  axis,  q  is  continuous  and  continuously  once 

2 
differentiable  even  at  the  origin.  Furthermore  — %   is  absolutely 

dA^ 
integrable  on  the  real  axis.   The  function 


j(t)  =  -L-  f    e1Atq(A)dA  ,        t  real  , 
^     -oo 

is  therefore  seen  to  be  a  C°°  function,  with  j(t)  =  0(t-2)  as 


It! 


For  any  e  >  0  set  Je(t)  =  e"1j(t/e);  then  J£  =  q(eA).   It  i: 


easily  verified  that  j£(t)  acts  as  a  "mollifier",  i.e.  the 


... 
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convolution  of  j  (t)  with  any  L  function  u(t)  tends  to  u(t)  in 
L  as  e  — >  0. 

Consider  now  the  convolution 

(7-6)"  j£  *u  =  u£(t)  . 

Its  Fourier  transform  is  equal  to  u  (A)  =  q(eA)u(A).   Therefore  we 
may  write  u  (t)  =  u  (t)  +u  (t)  where 

CO 

u  Jt)  =  -i—  f    e1A(t+T)q(eA)R(A)u(-T)dA   , 


-oo 


CD 


u   (t)  =  -  -i-  f     eiA(t-T)q(eA)R(A)u(T)dA  . 
E"         i/27  J 


•  oo 


But  now  we  are  in  a  position  to  deform  the  contours,  since  q(eA) 
dies  down  faster  than  any  e  '  '  as  |a|  — >  oo  in  the  region  (7-5)' 
Thus,  in  particular,  for  |t|  <  T-t  , 


u  (t)  =  -i~  f    eiA(t+T)q(eA)R(A)u(-T)dA 

r 

i_   reiA(t"T)q(eA)R(A)u(T)dA 

r 


i 

i/2? 


Having  deformed  the  contours  we  may  let  e  — >  0  (since  the  resulting 
integrals  are  absolutely  convergent)  to  obtain  the  desired 
decomposition. 

From  the  proof  of  Theorem  2.2  we  see  that  the  functions  u+(t) 
are  continuously  differentiable  for  |t|  _^  T_T0  ~  7*3  one  verifies 
readily  that  they  are  solutions  of  Lu  =  0.   Thus  the  completeness 
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theorem  would  now  follow  by  applying  Theorem  2.7  to  each  solution 
u+(t)  in  turn  on  its  corresponding  semi-infinite  interval 
—  provided  these  solutions  are  absolutely  integrable  on  these 
intervals.   To  verify  this  for,  say,  u+(t)  we  see  that  the  contour 
P  may  be  deformed  a  bit  more,  so  that  its  horizontal  portion  on 
the  real  axis  is  raised  slightly  above  the  axis.   Since  the  new 
curve  r*  lies  entirely  in  Im  ±  >  6  for  some  6  >   0  it  follows 
easily  that  |u+(t)|x  =  0(e"6t)  as  t  -*>   co  . 

This  completes  the  proof  of  the  theorem. 

Remark  1:   Is  we  assume  that  R(X)  and  R'(A)  =  R(-A)  satisfy  also 
the  conditions  of  Theorem  2.3  then  we  can  obtain  such  a  complete- 
ness theorem  for  u(t)  in  a  region  in  the  complex  t  *  0*+  It  plane; 
namely  the  parallelogram  (here  a,  is  some  constant). 


It  may  occur  that  there  are  no  nontrivial  solutions  of  Lu  =  0 
on  some  interval.  For  example,  let  X  consist  of  the  C  functions 
on  the  interval  0  _^  x  ^_   1  vanishing  at  the  origin;  let  Y  be  the 
space  C([0,1])  and  let  A  =  a  -?—  where  a  is  some  constant  ^   0  which 
is  not  pure  imaginary.   Then  the  only  solution  u(x,t)  of 
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(7.7)  ta;irra4lu;° 

in  0  <  x  <  1  and  |t|  <  T,  with  u(0,t)  =  0  (i.e.  with  u(x,t)  <=  x  for 
fixed  t)  is  u  ■  0. 

This  example  is  related  to  the  following 

Remark:   Suppose  that  X  =  Y,  that  A"  exists  as  a  bounded  mapping 
of  Y  into  itself,  and  the  spectrum  of  A"  consists  only  of  the 
origin.   Then  the  resolvent  R(A)  of  A  is  regular  in  the  whole 
plane,  for  R(0)  =  A"1,  while  R(A)  =  (A-1  -  i)~  ~-   for  A  fi   0. 
Thus  there  are  no  nontrivial  exponential  solutions  of  Lu  =  0.   It 
follows  from  Theorem  2.8  that  if  for  arbitrary  positive  numbers  3, 
C,  a  there  exist  constants  c  =  c(0,C),  <T=  <r($,C)    such  that  the 
conditions  of  Theorem  2.8  are  satisfied  with  these  constants  then 
the  only  solution  u(t)  of  Lu  =  0  on  any  interval  is  u  =  0. 

It  is  of  interest  to  consider  the  preceding  example  (7-7)  in 
case  a  is  pure  imaginary,  a  =  —  with,  say,  a  >   0.   Then  any  solu- 
tion u(x,t)  of  Lu  =  0  belonging  to  X  on  the  interval  t,  <.  t  ^  tg 
with  t2"tl  *"  a  vanisnes  f°r  t  i  t,+a.   A  simple  calculation  shows 
that 

(7.8)      |R(A)|Y  =  0(ea|lm  A>)  ,    |R(A)|X  =  0(Aea|lm  a| )  , 

and  Theorem  2.8  would  then  assure  the  (weaker)  result  that  if  u « X 
is  a  solution  of  (7«  7)  on  |t|  ^  T  with  T  >   2a  then  u  vanishes  on 
the  interval  |t|  <   T-2a. 

This  example,  with  a  =  i,  a  >  0  shows  also  that  the 
conclusion  u(t)  =  0  for  t  *  a  cannot  be  improved,  i.e.  the 
solution  need  not  vanish  for  t  <  a. 
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Chapter  III 

Unique  Continuation  and  Lower  Bounds  at  Infinity 

8.  Finite  Cauchy  problem 

In  recent  years  the  problem  of  uniqueness  in  the  Cauchy 
problem  for  partial  differential  equations  has  received  a  great 
deal  of  attention.   In  particular,  A.  P.  Caldero'n  [1]  has  proved 
a  very  general  uniqueness  theorem.   This  has  been  simplified  and 
extended  by  B.  Malgrange  [l]  and  L.  Hfirmander  ([2],  see  also  a 
forthcoming  book  by  Hormander).   Some  authors  have  treated  the 
problem  by  setting  it  within  the  framework  of  a  differential  equa- 
tion of  the  form  (1)  of  (3)  in  some  Banach  space.   (See,  indeed, 
Lemma  1   in  Calderon  [1].)  They  prove  uniqueness  either  for 
solutions  vanishing  at  some  value  of  t  or  vanishing  with  sufficient 
rapidity  as  t  — >   oo  .   We  mention,  as  an  illustration,  the  following 
theorem  due  to  P.  D.  Lax  [1];  here  X  =  Y  is  a  Hilbert  space. 

Theorem:   Let  u(t)  be  a  solution  of 

(8.1)  |Lu(t)lx  <  <|>(t)|u(t)lx 

in  t  >  0  such  that  the  norms  of  u  and  -rz-  are  square  integrable. 
Assume  that  there  is  a  sequence  of  lines  in  the  complex  \   plane 
parallel  to  the  real  axis,  Im  A  =  a  ,  with  a  — >  oo  ,  on  which  the 
resolvent  of  A  is  uniformly  bounded  by  a  constant  M.   If  <j)(t)  ^  c 
for  some  constant  c  <   M"   then  |u(t)|  =  0(ea  )  for  every  real  a 
implies  that  u  =  0. 

The  condition  c  <  M"  cannot  be  dropped,  for  Lax  presents 
an  example  with  ID  a  self-adjoint  operator,  M  =  75  and  a  nonzero 
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solution  u(t)  of  |Lu|  <  (^+e)|u|  (for  any  given  e  >  0),  such  that 

2  , 

|u(t)|  tends  to  zero  like  e"a   for  some  constant  a  >   0. 

In  this  chapter  we  present  a  number  of  uniqueness  results 
for  the  finite  Cauchy  problem  (i.e.  for  solutions  vanishing  at 
some  value  of  t  for  (1)  and  (3) ,  and  for  solutions  decaying 
rapidly  at  infinity;  we  also  obtain,  in  some  cases,  explicit  lower 
bounds  for  solutions. 

The  uniqueness  of  solutions  of  Lu  =  0  dying  down  faster  than 
any  exponential  at  infinity  is,  as  we  have  remarked  in  §7,  closely 
connected  with  the  completeness  of  exponential  solutions  and,  we 
have  already  presented  one  result  in  that  section,  Theorem  2.6, 
concerning  uniqueness  for  such  solutions.   Furthermore,  in  Theorem 
2.4,  we  have  derived  lower  bounds  for  nontrivial  solutions  of 
Lu  =  0  under  suitable  conditions.   These  were  obtained  via 
convexity-like  estimates  which,  in  case  (ii)  of  the  theorem,  assert, 
roughly,  that  log  |u(t)|x  and  log  | u( t ) | „  are  convex  functions 
of  t.   Throughout  this  chapter,  in  deriving  lower  bounds  for  solu- 
tions, we  attempt  to  do  so  via  some  kind  of  convexity  statement. 
We  believe  that  this  is  the  natural  framework  for  deriving  these 
bounds  unless  the  operator  L  is  such  that  the  backward  Cauchy 
problem  is  well  posed.   (This  is  the  problem  of  finding  a  solution 
u(t)  for  t  <  T   with  given  values  at  t  =  T. )  If  it  is  well  posed 
then  there  is  an  estimate  |u(0)|x  <  constant  |u(T)|x  giving  a  lower 
bound  for  the  norm  of  u(T)  in  terms  of  the  norm  of  u(0).   The 
operators  that  we  treat  are  not,  in  general,  those  for  which  the 
backward  Cauchy  problem  is  well  posed. 
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A.  Beurling  [l]  (see  Theorem  7  there  and  its  application)  has 
proved  a  general  theorem  concerning  convolution  operators  that  has 
application  -co  partial  differential  equations,  giving  also  lower 
bounds  for  the  solutions  as  some  variable  goes  to  infinity.   The 
theorem  is  based  on  an  extension  of  the  Wiener  tauberian  theorem. 

For  the  sake  of  uniformity  in  treating  the  finite  Cauchy 
problem,  i.e.  with  u(T)  =  0  for  some  T  we  shall  prove  backward 
uniqueness,  i.e.  for  t  <  T. 

We  start  with  a  simple  result  for  the  finite  Cauchy  problem. 
This  is  essentially  the  same  as  a  result  of  Lyubic  [l].   It  holds 
also  for  weak  solutions,  as  do  a  number  of  other  results  in  this 
chapter,  but  we  will  consider  only  regular  solutions.  (It  also 
admits  an  obvious  extension  to  higher  order  differential  equations.) 
We  assume  here  that  Xcy  are  Banach  spaces. 

Theorem  3.1;   Let  u(t)  £X  be  a  solution  of  (1) 

to.  (l^.A)u=0 

for  0  <  t  <  T,  with  u(T)  =  0.   Assume  that  there  is  a  simple 
Jordan  arc  P  going  to  oo  lying  in  a  closed  angle  in  the  open 
upper  half  A-plane  on  which  R(A)  is  defined  and  satisfies 


R(A)|Y  =  0(ea  Im  A) 


for  some  constant  a  >  0.  If  T   »  a  then  u(t)  =  0  for  t  >  a. 

That  we  cannot  say  anything  for  t  <  a  is  seen  by  the  last 
example  in  §7  -  equation  (7-7)  with  a  =  i,  a  >  0. 
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Proof:   Extending  u(t)  as  zero  outside  the  interval  0  <   t  ^  T  and 
taking  Fourier  transforms,  as  we  have  done  repeatedly,  we  find 
that  the  transform  u(A),  which  is  an  entire  function  of  exponential 
type,  satisfies 

(A-A)G(A)  =  -i—  u(0)  , 

i/27T 

there  is  no  contribution  at  t  =  T  since  u(T)  =  0.   Prom  our 
hypothesis  it  follows  that  | u( A) |   =  0(ea  Im  A)  on  f   while  on  the 
real  axis  |u(A)|y  is  bounded.   Applying  the  Phragme'n-Lindel8f 
theorem  we  conclude  that  |u(A)|y  =  0(ea  m  )  in  the  entire  upper 
half  plane.   But  then  the  Paley-Wiener  theorem  implies  that  u(t) 
vanishes  for  t  >  a. 

Lyubic  [l]  also  presents  an  interesting  example  showing 
that  in  some  sense  the  result  is  best  possible:   If  p(A)  is  a 
positive  continuous  function  defined  on  A  >  0  such  that 
A"   log  p(A)  — >  co    as  A  — »■  oo  he  constructs  a  Hilbert  space  Y, 
and  in  it  a  linear  operator  A,  such  that  on  some  vertical  half 
line  Re  A  =  Aq,  Im  A  >  constant,  R(A)  satisfies  |R(A)|Y  j^  p  (Im  A), 
and  for  which  there  is  no  uniqueness  for  the  backward  Cauchy 
problem  for  Lu  =  0. 

It  is  of  interest  to  extend  the  theorem  of  Lax  quoted  above 
to  a  situation  where  the  lines  Im  A  =  a  are  allowed  to  contain 
some  points  of  the  spectrum  —  as  might  be  the  case,  for  instance, 
if  iA  were  self  adjoint.   We  shall  present  such  a  result  for  the 
finite  Cauchy  problem. 

In  the  following  whenever  X  =  Y  we  shall  not  bother  to 
write  a  subscript  X  or  Y  after  the  norm. 
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The  following  definitions  and  lemma  will  be  used  in  this 
result  and  again  later. 

Definition:   Let  F  be  a  family  of  horizontal  infinite  lines  in  the 
upper  half  of  the  complex  A  plane.   Let  j  be  a  nonnegative  integer , 
and  s,  M  be  positive  numbers.   We  shall  say  that  the  resolvent 
R(A)  =  (A-A)~  is  (j,s) -bounded  on  F  by  M,  if  on  each  line  of  F 
the  norm  of  R(A)  is  bounded  by  M  for  all  A  on  the  line  outside  j 
intervals  of  length  s,  (their  location,  may  differ  from  line  to 
line  of  F). 

We  shall  denote  by  Ep  the  class  of  entire  analytic  functions 
w(A)  (with  values  in  X)  which  belong  to  L2  on  each  horizontal  line 

Im  A  =  a  such  that  on  each  such  line  the  Lp  norm  of  |w(A)|  is 

lal 
bounded  by  e1  '  times  its  L0  norm  on  the  real  axis. 

Lemma  5.1:   Let  f    consist  of  the  real  axis  in  the  A-plane  minus  j 
( nonoverlapping )  intervals  of  length  s.   There  is  a  constant  k 
depending  only  on  j  and  s  such  that  for  each  function  in  E2  the 
following  inequality  holds 


J     |w(A)|2dx  <  k^  |w(A)|2dA  . 
-00  p 

Note  that  k  is  independent  of  the  positions  of  the  j  Intervals. 

The  lemma  is  well-known,  we  briefly  indicate  its  proof.   If 

the  lemma  were  false  there  would  be  a  sequence  of  functions  w  (A) 
00 

with  /   |w  (A)|  dA  =  1,  and  a  sequence  of  axes  Pn  (with  j 

-co 
intervals  !,,...,!  .  removed)  such  that 


;         •"  •    J. 

q 

: '   ■■•■-  -0  ■•■■ 


.'-••' 


;         ■;:•'■ 


•  '       '' 

:•  •  ■     ■   •  . 
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......   /•' 


81 


(8.2)  J   |wn(A)|2dA  -^  0  . 

By  choosing  an  appropriate  subsequence  (which  we  denote  again  by 
w  ),  and  by  appropriate  horizontal  displacements  we  may  suppose 
that  In  =  I21  =  . .  .  =  Inl  =  . . .  =1  and  that 


/ 


|wn(M|2dA  <£j 


We  may  also  suppose  that  for  each  i  the  centers  of  the  intervals 
I  .  converge  (possibly  to  nonfinite  values).   Because  of  our 
hypothesis  concerning  E,  the  functions  w  (A)  form  a  normal  family 
and  we  conclude  that  a  subsequence  converges  to  a  function  w(A)  in 

E,  with   /  |w(A)|dA  >  «..   From  (8.2)  however  it  follows  that  the 

I 
w  (A)  converge  to  zero  on  some  interval  on  the  real  axis.   Hence 

w(A)  =  0  —  contradiction. 

It  is  clear  that  much  more  general  forms  of  this  lemma  hold 

and  these  can  be  employed  in  the  same  way  as  Lemma  5.1. 

Theorem  3-2:  Let  X  =  Y  be  a  Hilbert  space  and  let  u(t) €  X  be  a 
solution  of  (8.1) 

|Lu(t)|x  <  4>(t)|u(t)|x 

on  the  interval  0  <  t  <  T  with  u(T)  =  0.   Let  F  be  a  sequence  of 

lines  Im  A  =  a  in  the  A-plane  with  a  — >  oo  and  assume  that  R(A) 

n  * n       

is  ( j , s ) -bounded  on  F  by  M,  for  some  appropriate  j,  s,  M.   There 
is  a  constant  c  depending  only  on  j,  s,  and  M  such  that  if 
|<|>(t)|  <  c  then  u  =  0. 


. 


■ 


; 


| 
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Proof:   It  suffices  to  show  that  if  0  <  a  <  T,  a  <   1,  then  u(t)  =  0 
for  t  >   T-a.   Thus,  in  fact,  we  may  suppose  (after  a  translation) 
that  T  ^  1.  Fix  positive  a  <  T  and  let  £(t)  be  a  nonnegative  C00 
function  of  t  which  vanishes  for  t  ^  -w  and  is  equal  to  one  for 
t  >  a. 

We  shall  establish  the  estimate 
T         o 

f  I  ant      I  2a«° 

(8.3)       /  le  n  u(t)|  dt  <  constant  e  n  ,    n  =  1,2,... 
a/2 

with  the  constant  independent  of  n;  it  follows  easily  that  u(t)  =0 

for  t  ^_  a.      To  this  end  set  u,(t)  =  £(t)u(t)  and  extend  u.(t)  as 

zero  outside  the  interval  (0,T).   For  any  fixed  n  set 

at 
e   u.(t)  =  v(t)  and  denote  the  Fourier  transform  of  v  by  v(A). 

Since  v  has  support  in  (0,1)  its  transform  belongs  to  the  class  Ep. 
Note  that 

T    .     2  °°  °° 

(8A)         f  \e   n  u(t)|  dt  <  f     |v(t)|2dt  =  f     |v(X)|2dA  , 
a/2  -co  -co 

by  Parseval ' s  theorem. 

Setting  (L+ia  )v(t)  =  f  we  see  that,  on  taking  Fourier 
transforms, 

(A+  ian-  A)v  =  f  . 

From  our  hypotheses  it  follows  that  for  all  real  A,  except  on  j 
intervals  of  length  s, 

|v(A)|  <  M|f(A)|  . 

Thus  if  P   is  the  real  axis  minus  these  intervals  we  have 


- 


■'    '     ' 


' 
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f   |v(A)|2dA  1  M2  J   |f(A)|2dA  . 

r  r 


Applying  the  previous  lemma  we  find  that 
oo  oo 


J     |v(A)|2dA  <  kM2  f     |f(A)|2dA  , 


•CO 


-co 


or,   byParseval's  theorem 

OD 


f     |v(t)|2dt   <m2f     |f(t)| 


"dt   . 


-co 


Now 
(8.5) 

and  hence 
oo 


f(t)  =   < 


a  t 


a  t 


for     t  >  a 


n   (CLu-  i  ||  u)  for     t  <  a 


n  ^0  9 

J      |v(t)|2dt  ^  kM2  constant  e     n     +  kM2      i     |e  n  Lu|    dt 
-oo  a 

p  2a  a  p  p      r°°  ,    at    ,2 

<  klVT   constant  e     n     +  kMc        /      |e  n  u|    dt 


by  our  assumption  (8.1),  or 


f    Iv(t)|2l 


2a  a     2  g 

constant  e     +  kc  M 


dt  . 


Thus  the  desired  inequality  (8.3)  follows,  via  (8.4),  provided 

2  2 
kc  M  <  1,  completing  the  proof. 


i 


. 


■ 


•  •  ■      • 
■ 

■ 
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Remark  1;   It  is  clear  that  the  preceding  argument  may  be  adapted 
to  higher  order  differential  operators  L  where  L  is  a  polynomial 

L(T  dT}  ln  T  WE  of  the  form 


[i   dt;  +Llid^J   A 


Assume,  namely,  that  u  is  a  solution  in  [0,T],  with  u(T)  =  0,  of 

|Lu|  <  c  YZ  IVl 
1    J 

where  the  P  .u  are  differential  operators  of  similar  form.  Assume 
that,  say,  P,  is  the  identity  operator.   As  above  assume  that  on 
each  line  of  the  family  F,  outside  of  j  intervals  of  length  s,  the 
operator  L(A)  has  a  bounded  inverse  on  all  of  X  and  satisfies 


iPjOOLU)""1^  <  M  ,       j  =  1,...,N 


Then,  if  c  is  sufficiently  small,  the  solution  u  is  identically 
zero. 

We  conclude  this  section  with 

Theorem  3-  ~5-      Let  X  =  Y  be  a  Hilbert  space.   Consider  a  solution  u 
of  (  8.1)  in  [0,T]  with  u(T)  =  0.   Suppose  that  on  a  sequence  of 
lines  Im  A  =  a  ,  a  — >  a,    the  inequality 


(8.6)  |RU)IY<  % =   for   |Re(A-A)|>§ 

Y~  |Re(A-An)r   n   -  2 


■ 


I 


i 


•■ 


I 


i    ■ 

■ 
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for  some  point  X  with  Im  A  =  a  ,  and  for  some  fixed  positive 
number  cC  ^_   1.   (Thus  on  the  exterior  \~*   of  an  Interval  of  length 
s  on  each  line  we  assume  that  |R(A)|  Is  not  only  bounded  but 
decays  at  Infinity.  )   If  <|>(t)  Is  less  than  some  constant  c  or  if 
<t>  belongs  to  L  on  the  Interval,  with  p<y>  1,  2  <  p  <  od,  then 
u  =  0. 

Proof:   As  in  the  proof  of  Theorem  J>.2   it  suffices  to  show  that 
for  somee  >  0,  u  =  0  for  t  >   T-e;  we  may  in  fact  suppose,  after  a 
displacement  of  the  origin,  that  T  <  e,  and  attempts  to  show  that 

u(t)  =  0  for  t  >  2«   Let  C  be  a  C00  function  which  vanishes  for 

T  T 

t  <  r  and  equals  1  for  t  >  o*   Set 

a  t 


on  the  interval  and  equal  to  zero  outside  and  set  (L+ia  )v  =  f. 
Taking  Fourier  transforms  as  in  the  preceding  theorem  we  find  that 

(A  +  ian- A)v(A)  =  f(A) 
so  that  if  P  is  the  complement  of  the  interval  | A  -  Re  A  |  <   •§  we 


have  by  (8.6)  (for  -^-  +  1=1 


■     • 


■  .    ■ 

:  •        •       ■ 
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r,,   ,r     r  r        |fU)lY 
/  |v(A)|  dA  <  Mr  / f; 


dA 


<  MJ 


/ 


dA 


JA-Re^ 


00 
/   |f(A)|YdA 
-00 


p+2 


=  constant  (     /   |f(t)|  dt 

•OD 


With  the  aid  of  the  theorem  of  the  mean  one  verifies  easily 
the  inequality 


J     IvUHydA  <  Cr  J   |v(A)| 

-00  p 


rdA  +  C  s 


r  r+1 


dV^AiT 


max  |§JU)| 


A  real 


where  C  is  a  constant  depending  only  on  r.   Since  the  support  of 
v(t)  is  in  the  interval  (0,e)  we  also  have 

co 


|-5j|   ^  constant  e 


J      Iv(t)|. 


4t  . 


-oo 


Combining  these  inequalities  we  infer  that 

oo  f    oo         \  -%r 

T   a    r  f      P  2   \  P+2 

/   |v(A) | ydA  <  constant  I   /   |f(t)|ydt  ) 

-oo  -oo 

(  f     |v(t)|ydt J 


+  constant  e 


where  the  constants  depend  only  on  M,  s  and  r. 

Since  r  <  2  we  may  apply  the  Hausdorff -Young  inequality  and 


infer  that  (for  i  +  ~   =  1), 


; 


• 


■.'•.: 


. 


. 


' 


i 
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l  1 


/   |v(t)|ydt    <  constant!   /   lf(t)|ydt) 

00 

+  constant  e  /   |  v(t)  |vd" 
-oo 

Hence  by  (8.5)  (with  a  =  |)  we  have 


Y 
-00 


(    f     |v(t)|y'dt  )     1  constant  e  n         +  constant  f   J    j  4>v  |  ^dt  J 
T/2  T//2  1 

;  r       (  J        |v(t)|Y    dtj 


P.-..,* 

+  constant   e 

V/2 


Now 

—  /-  T        A1 
'  <|>pdt 


r/iKdt)%(7ivi^t)?  (/ 


T/2  T/2  T/2 

Thus  if  e  is  sufficiently  small  we  find  that 


(  f   iv(t)|r'dt)r  <  constant  e  n    +  coefficient  (^  J  |v|y  dtj 
V/P      Y   ^  T/2       y 


T/2 
with  a  coefficient  less  than  ^'      Hence 


.  a_t  ,r'  Nr*  anT/2 

.dt  }   <   constant  e 


(f  U^ul^) 


T/2 

T 
for  every  n.   But  then  it  follows  that  u  =  0  f or  t  >  ^.     Q.E.D. 

We  observe  that  if  in  place  of  (8.6)  we  assume  that  on  each 
line  Im  A  =  an, 

(8.6)'  |RU)IY± "    ,«r 

x   l  +  |Re(A-A  )| 


■    ■ 


8S 


with  fixed  positive  v  ^  1   then  the  proof  of  the  theorem  works  if 
the  assumption  u(T)  =  0  is  replaced  by  the  weaker  assumption  that 
u  is  a  solution  for  all  t  >  0  satisfying  |u(t)|Y  =  0(e)  for  any 
real  a.   (This  condition  implies  that  v(A)  (in  the  proof)  is  an 
entire  function  of  A. )   Thus  we  have 

Theorem  8.3';   Let  X  =  Y  be  a  Hilbert  space  and  suppose  that  u  is 
a  solution  of  (3.1)  in  (0,co  )  with  |u(t)|y  =  0(eat)  for  every 


real  a .   Suppose  that  (8.6)'  holds  in  a  sequence  of  line s 
Im  A  =  a  ,  a  — >  00  .   If  <t> 
2  <   p  <  00  ,  then  u(t)  ■  0. 


Im  A  =  a  ,  a  — >  00  .   If  <t> ( t )  belongs  to  L  on  ( 0 ,  00  )  with  p  cr  >   1 , 


9.  Unique  continuation 

In  this  section  we  consider  again  solutions  of  (8.1)  in  a 
Hilbert  space  X  =  Y  for  t  >  0  and  assume  that  the  resolvent  R(A) 
exists  and  is  bounded  on  a  sequence  of  lines  Im  A  =  a  except  for 
a  finite  number  of  points  on  each  line,  near  which  |R(A)|  becomes 
singular  at  a  prescribed  speed.  We  shall  always  assume  here  that 
u(t)  is  a  solution  of  (8.1)  with  |u(t)|  =  0(eat)  for  every  real  a. 
Since  X  =  Y  we  shall  not  bother  writing  subscripts  on  the  norms. 

Theorem  J>A:      Suppose  that  on  each  line  Im  A  =  a  ,  R(A)  satisfies 


n- 


|R(A)| 


|Re  A-bn| 


for  some  real  number  b  .    There  exists  a  number  c  such  that  if 
n    


<j>(t)  ^  y^r-  the  solution  u  is  identically  zero. 


- 

■ 


..:■-.' 

-        ■  ■    • 

.  •  .  ■■■'•- 

-    . 
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Theorem  3.5:   Let  m  and  k  be  nonnegative  Integers.   Suppose  that  on 
each  line  Im  A  =  a  there  are  m  points  w: 
and  that  off  these  points  R(A)  satisfies 


each  line  Im  A  =  a  there  are  m  points  with  real  parts  A  ,,..., A   , 


m   (1+|A-A  .|2)k/2 
(9.D  IRUJI  <  M  IT  ; ^-n 

for  A  on  the  line.   If  <j)(t)  _^_  ce~   for  some  positive  constants  c, 
<r  then  u(t)  =  0  for  t  *   a  number  T  depending  on  M,  c  and  or. 

Theorem  3.5  is  a  considerable  generalization  of  Theorem  l' 
in  the  appendix  of  Lax  [ 1 ] . 

Proof  of  Theorem  J>.k:      It  suffices  to  prove  that  for  any  positive 
number  a 


t i 2  2a  a 

dt  <  constant  e  n 


with  the  constant  independent  of  n.   This  implies  that  u  =  0  for 

t  >  a.      Let  C(t)  be  a  C00  function  which  is  zero  for  t  <  |y  and  1 

for  t  *"  a   and  set 

(a  +ib  )t 
v(t)  =  e  n   n  C(t)u  ,  t  >  0  , 


and  v(t)  =  0  for  t  <   0.   Thus  we  wish  to  establish  the  estimate 


co 
(9.2)  f     |v| 


2a  a 


Set 


f  =    [L+  i(an  +  ibn)]v 


• 
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and  take  Fourier  transforms.  According  to  our  hypothesis  it 
follows  that 


|Av(A)|  <  M|f U)| 


By  Parseval's   identity 
co 


/     lf£|2dt<M2/     |f(t)| 


2dt  . 


0  0 

A  simple  integration  by  parts  yields  the  inequality 
co  oo 


0  0 

and  inserting  this  into  the  preceding  we  find 

oo  oo 

f     |£|2dt    <    2M2     f     |f(t)|2dt 

/     U^Lul 
co 

/  ill 


2a  a  o    p°°  i    a„t 


h  2MU    /  |e   "  Lu|    dt 

a 

2a  a  p   p  r°    v   2 

<   constant  e     n     +  2M  c  /      If- 1    dt 


2   2        1 
by  hypotheses.      If   2M  c     ^ -|  then  the  desired   inequality   (9.2) 

follows. 

Proof  of  Theorem  3.  5-      Set  t  =   cr/2  and  let  T  be   such  that 


1,    t    »"*  e 


■  tT 


(9-3)  4>(t)  iflT?5       V"  for     t  >  T   .. 

Let  a  be  any  fixed  number  >   T  and  let  C,   be  a  C00  function,  as  in 
the  previous  proof,  vanishing  for  t  <   S  equal  to  1  for  t  >  a. 


;. 


. 


; 


■    ■  .; 
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at 
For  fixed  n  set  v  =   e        £u,    and   (L+ia    )v  =   f,    so   that 

e  n  Lu 

f 

a  t 

e  n   (CLu  -  £  ||  u)  for     t  <  a 

Considering  Cu  as  zero  for  t  <  0  we  find,  on  taking  Fourier 
transforms  that 

(A  +ian  -  A)v(A)  =  f(A)  . 

By  our  hypothesis  we  have,  for  A  real,  |w(A)|  _^M|f(A)|,  where 

m  /  A-A  .  \k 
j=l  \    nj   / 

is  analytic  in  Im  A  <  0. 

If  we  denote  by  |w|,  the  Lp  norm  of  |w(A)|y  On  the  line 
Im  A  =  -d,  which  is  clearly  finite,  then  it  is  easily  seen  to  be  a 
decreasing  function  of  d.   Hence,  in  particular, 

|wlT  1   |w|Q  lM|f|Q  . 

A-A  . 
On  Im  A  =  -t  the  absolute  value  of  the  factor  -,  *   n^.  is  at  least 

t  "  nJ 

fT~>    so  that 

p  -1+T-  ,2111k 
Setting  M  (^-^)  =   M,,  the  previous  inequality  is  equivalent, 

via  Parseval's  identity,  to  the  inequality 


-    - 


. 


" 


.    ..-       •  ■    .    . 
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/     |ela«"T'    Culdt   <   M2(^I,2^    /     |f(t)| 

0 

n     +  M2(l±I)  J      |e  n 


0 

oo 


2a  a  o   ht   2mk      P     I    at      i2 

<   constant  e     n     +  KT  (—■*■)  /        e  n  Lu     dt. 


Prom  (9.3)  it  follows  that 

r°°,    (a   -r)t    .2  2a  a        .       r°°  .    (a   -x)t    ,2 

/      |e     n          u|    dt   <   constant  e     n     +  f     I      |en  u| 


dt  , 


so  that 


(a  -r)t  .2  2a  a 


/  le  »    u| 


dt  <   constant  e  n 


with  the  constant  independent  of  n.   Consequently  u  =  0  for  t  >  a. 

Q.E.D. 

10.  Convexity  and  lower  bounds 

We  turn  now  to  our  program  of  obtaining  lower  bounds  for 
solutions  of  (8.1)  via  convexity  theorems.   In  this  section,  and 
the  remainder  of  this  chapter  we  shall  assume  that  X  =  Y  is  a 
Hilbert  space,  with  (   ,   )  denoting  scalar  product;  we  shall  omit 
writing  subscripts  X  or  Y  on  the  norms.   In  Theorems  3*6  and  3-7 
below  we  assume  that  the  solutions  u  have  strong  first  and  second 
derivatives. 

The  first  example  of  convexity  is  the  following  known 
elementary  result. 

Theorem  3.6:      Let  u(t)  be  a  solution  of 
(10.1)  Lu=  (i  ^  -A)u  =  0 


a   J  i 


■ 

f 


" 
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where  A  =  yB,    y   is  a  constant,  B  is  a  symmetric  operator.   Then 
log  |u(t)|  is  a  convex  function  of  t. 

To  see  this  one  simply  observes,  on  differentiating,  that 
the  second  derivative  of  log  (|u(t)|  )  is  nonnegative. 

This  simple  trick  can  be  carried  over  to  certain  equations 
(10.1)  with  A  =  A(t)  depending  on  t;  we  shall  carry  out  the 
details  of  the  computation  for  one  such  case.   The  conditions  we 
impose  are  such  as  arise  in  parabolic  differential  equations 
(where  A(t)  is  an  elliptic  operator  acting  on  other  variables). 

Writing  iA(t)  =  B(t)  we  shall  assume 

(i)  B(t)  is  a  closed  densely  defined  operator  for  each  t, 
and  that  u(t)  belongs  to  the  domain  of  B*(t)  as  well  as  to  that  of 
B(t). 

(ii)  We  assume  some  smoothness  of  B(t)  in  its  dependence  on 
t  and  assume  also  that  B  is  "almost  self  adjoint".   These 
hypotheses  are  best  expressed  in  a  single  condition:   if  u(t)  is 
the  solution  then  for  some  positive  constants  k,  c 

Re  ^  (B(t)u(t),u(t))  >  \   |(B+B*)u|2  +  c  Re  ((B-k)u,u)  . 

(This  condition  is,  for  instance,  automatically  satisfied  if  B(t) 
is  a  bounded  self  adjoint  operator  having  bounded  derivative,  and 
such  that  kl-B(t)  is  a  positive  operator.) 

Theorem  J>.7'-      Let  u(t)  be  a  solution  of  Lu  =  0,  i.e. 


ijjii  -  Bu  =  0  ,  0<t^T, 


. 


. 


' 


V,   -        ,      ...  '  ■  : 
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satisfying  conditions  (i)-(ii).   Then  the  function  log  |e"ktu(t)| 


From  the  convexity  it  follows,  by  a  direct  computation  that 

if  0  <  t1  <  t  then 

.  iu(t,)i  -kt.1  (eBt-i)/(eeti-D 

I  U (0) I 
Thus  we  find,  on  fixing  t,,  that 

e-kt|u(t)|  >  p|u(0)|p' 


Here  the  number  p  depends  on  the  particular  solution,  and  a  =  e  . 
We  should  observe  that  if  (kl  -B)u,u)  >  0  then  p  >  1,  for 
e~   |u(t)|  is  then  decreasing,  (see  (10.2)  below). 

Our  conditions  (i),  (ii),  condition  (il)  being  a  rather 
restrictive  one,  are  closely  related  to  the  conditions  assumed 
by  J.L.  Lions  and  B.  Malgrange  [l]  in  their  proof  of  uniqueness 
for  backward  parabolic  equations.   They  prove  uniqueness  for  the 
finite  Cauchy  problem  while  we  actually  give  loiver  bounds  for  the 
solution.   However,  their  uniqueness  proof  is  valid  for  weak 
solutions  of  the  equation. 

Protter  [l],  and  Lees  [1]  have  proved  various  unique 
continuation  results  at  infinity  for  parabolic  differential 
equations  (other  references  may  be  found  there);  see  also  Protter 
[2]  for  asymptotic  results  on  hyperbolic  equations. 

Proof  of  Theorem  3*7.   Set  v(t)  =  e"ktu(t).   To  show  that  log  |v| 
is  a  convex  function  of  s  it  suffices  to  show  that,  for  q  =  (v,v), 


• : 
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qCl_|i  (M)2  ,   or  '^ei+iq2  J 

ds  ^ 

here  -3L  is  denoted  by  a  dot.   The  function  v  is  a  solution  of  the 
differential  equation 

v  =  B(t)v  -  kv  , 
and  therefore 

q  =  2  Re(v,v)  =  2  Re(Bv,v)  -2k(v,v) 
(10.2)  =  2  Re  e"2kt(Bu,u)  -  2kq  , 

q  =  -4k  Re(Bv,v)  +  2e"2kt  ^  Re(Bu,u)  -  2kq  . 
Therefore 
5.1  i2-Cq  =  .ai-  4k  Re(Bv,v)+  2e-2kt  &  Re(Bu,u)  -  "B^*)y, v)g 


+  8k  Re(Bv,v)  -  4k2( v,v)  -  cq 


2e_2kt  ^  Re(Bu,u)-  | (B+B*) v| 2  -  cq 


by  Schwarz '  inequality.   By  (ii)  this  last  expression  is  non- 
negative.  Q.E.D. 

It  is  clear  that  the  theorem  may  be  generalized  slightly. 
For  instance,  we  may  permit  k  and  c  to  vary  with  t.   We  will  then 
obtain  a  different  lower  bound  for  |u(t)|. 

P.  Cohen  and  M.  Lees  [l]  have  proved  an  interesting  result 
giving  lower  bounds  for  solutions,  in  a  Hilbert  space,  of  (8.1) 

(10.3)  |Lu|  =  |gg  -  lAu|  1  (|>(t)|u|  ,         t  >  0  , 


, 


• 


,  "s  ■ : 
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assuming  iA  to  be  a  symmetric  operator  (independent  of  t).   They 
showed,  namely,  that  if  i(t)  belongs  to  L  ,  for  some  p  with 
1  1  P  1  2>    tnen  there  are  constants  K,  \jl   such  that 

|u(t)|  >   Ke"^  . 

We  shall  give  a  somewhat  simpler  derivation  of  this  result 
(assuming,  however,  self  adjointness)  together  with  some  extensions 
via  a  convexity  type  argument.   P.  Cohen  has  informed  us  that  the 
method  used  in  their  paper  yields  also  various  extensions  of  the 
result. 

Our  main  assumption  is  that  iA  =  B  +iH  where  B  and  H  are 

i  H 
self  adjoint  operators  such  that  B  and  the  unitary  operator  e 

commute.   As  was  pointed  out  to  us  by  I.E.  Segal  we  may,  in  fact, 

assume  that  H  =  0  for  if  u  satisfies  (10. 3)  then  v  =  e   u 

satisfies 

(10.3)'         |§|  -  Bvi  <  <|>(t)|v|   and   |v|=|u|. 

Thus  we  shall  assume  that  iA  =  B  is  self  adjoint. 
We  use  the  following 

Lemma  3.2.  Let  v(t)  be  defined  on  a  <  t  ^_  b,  belong  to  the  domain 
of  B  for  every  t  and  have  a  strong  derivative.  Then  the  folloiving 
Inequality  holds 

r   b         v  2 

(10.4)   max  |v(t)|2  <  2(|v(a)|2+  |v(b)|2)  +4  (  \  \%  -   Bv|dt 
a<t<b        "  V  J   at 


-    '• 


. 


97 


Proof.  Let  E  be  the  projection  operator  in  X  associated  with  the 
positive  part  of  the  spectrum  of  B,  and  set  v,  =  Ev,  vp  =  (I-E)v. 
If  ||  -  Bv  =  f  then  (A.  _  b)v1  =  Ef;  (^  -  B)v2  =  (I-E)f,  so  that 

^  (v1,v1)  =  2  Re(Bv1,v1)+2  Re(Ef,v1)  , 


with  a  similar  relation  holding  for  Vp.   Hence  we  obtain  the 
inequalities 

A  (v1,v1)  >   2  Re(Ef,v1)  ,   ^  (v^v^)  <  2  Re  (  (I-E)f ,  vg) 

so  that 

b 

(v1(b),v1(b))  -  (v1(t),v1(t))  >  2  Re  J      (Ef  (  s) ,  v]_(  s)  )ds  , 

t 
or 

b 

Iv^t)!2  <  |v1(b)|2  +  27  J   |f(t)|dt 

t 

and,  similarly, 

t 

|v2(t)|2  <  |v2(a)|2  +  2V  f   |f(t)|  dt  , 

a 

where  V  =  max  |v(t)|.  Adding,  we  find 
&£tfb 

b 
|v(t)|2  <  | vx(to) |2  +  |v2(a)|2  +  2V  J   |f(t)|dt  , 

a 

or 

b 

V2  <   |v(b)|2+   |v(a)|2  +  2V  J   |f(t)|dt 

a 

from  which  (10.4)  follows. 


- 


: 


• 


• 


• 
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Before  stating  the  main  result  we  apply  the  lemma  to  solu- 
tions of  (10.3)'.   Suppose  that  u(t)  is  a  solution  of  (10.3)'  on 


/  <j>(t)dt  <  -i- 


an  interval  a  <   t  <  b  on  which   /  <J>(t)dt  <  then  we  claim  that 

2/2 

b-t       t-a 
(10.5)       |u(t)|  <  2/2  |u(a)|b"a  |u(b)|b~a  ,      a  <  t  <  b  . 


This  is  the  convexity-like  statement  from  which  lower  bounds  for 
the  solution  will  follow. 

To  prove  (10.5)  set  w(t)  =  e  u(t)  with  cf  real.   Then 


|gg.  (B+o-)w|  <_e\%-M 


Applying  the  lemma  with  B  replaced  by  B+cr  we  obtain  the  inequality 

b  v2 


max    |e°^u(t)|2  <   2|  e°'au(a)  |  2+  2|/bu(b)|2  +  4  {  f  |e*sLu(s)|ds 


2|eyau(a)|2  +  2|e°'bu(b)|2  +  |  max    le^uU)! 


by   (10.3)     and  our  hypothesis  on  <1>.      Hence 


|eatu(t)|2  <  Me^uU)!2  +  4|e°'b(b)|2   . 


Choosing  <r  so  that  the  two  terms  on  the  right  become  equal  gives 

the  desired  inequality  (10. 5). 

Let  us  now  assume  that  <J)(t)  is  integrable  on  every  finite 

interval.   Starting  with  t  =  0  let  t  ,  n  =  1,2,...  be  such  that 

t 
n 

1 


J     <t>(t)dt  = 


6/2 
Vl 


' 


• 
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and  set  t  ,  -  t  =  p  .   If  there  are  only  a  finite  number  of  such 

intervals  the  last  has  infinite  length,  and  the  integral  of  <|>  over 

it  does  not  exceed  . 

6/2 

Theorem  3.8:   Let  u  be  a  solution  of  (10.3).   (i)  If  «J>(  t)  €  L  for 


some  p,  1  <  p  <  2  then 


u(t)|  >  |u(0)|e_M-V         for  t  >   tg 


(ii)  If  <J)(t)  €-L  for  some  p,  2  <  p  <  oo  then 

|u(t)|  >  |u(0)|e^t     P  0*  ,  t  >  t 


(iii)  If  <J>(t)  <  KtK  then 


,21^+3  . 
|u(t)|  >  MOle"^    f3r 


These  are  all  special  cases  of 
(iv)  Suppose  that  for  some  numbers  k,  K 

U0.6)       E^^i^Pj)1  n-1.2... 

then 

(10.7)         |u(t)|  >  MOle-^   j3fc  ,  t  >  t   . 


In  each  case  \i   is  a  fixed  constant  while  p  is  a  constant  depending 
on  the  solution. 

Proof:   We  shall  first  indicate  how  (i)-(iii)  follow  from  (iv)  and 
then  prove  ( iv) . 


•    ■'  •      .  L         ■  • 


I 
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Observe  that  if  <p  c  L  then 

t        A 

n+1   ~^p  p-1 


J    d>  dt  <  (  J         ^dt J  pnp   , 


^        t 

n  n 


from  which  it  follows  that 

1-P 


CO 


For  p  <  2  it  follows  that  )    p"  <  co  ,  so  that  (10.6)  holds  with 
k  =  0.   Thus  (i)  follows  from  (iv). 

For  p  >  2  we  have,  by  HSlder's  inequality 


n   ,     np.    An    -i  \rr  /"  n    \ 


o 
so  that  (10.6)  holds  with  k  =  1  -  — j  and  ( ii )  follows  from  (iv). 

In  case  (iii)  we  have 

^  .  J         Mt  I  Kt']+1p  .  *  Kt^+lPj     for  J  <  n  . 
Thus 

n+1  <  KtK     V1"  n   -  K<-'<+1 
—  _Ktn+1  ^Pj-Ktn+1 


and 


K  t   t  ^2K+2 


T^  —  <  (n+l)K6/2  t'\,  <  constant  t 
^-  pj  -  n+1  -  n+1 

so  that  (10.6)  holds  with  k  =  2K+2. 

We  have  finally  to  prove  (iv).   We  first  prove  (10.7)  for 
t  =  t  ,  n  =  2,3, . . .  .   To  this  end  we  apply  (10.5)  with  t  =  t., 


:   . 


.. 


■ 
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a  =  t.  ,  and  b  =  t.  .<   Taking  logarithms,  and  writing 
log  |u(t.)|  =  cr  ,    this  inequality  has  the  form 

pi  pi  1 

cf     <    loe:  2/2  +  ^ 'Y  +     J      T 

or,  after  multiplying  by  (—  + ), 

Pj   Pj-1 

**  'ft'1  1   log  2/2  (i  +  -L-)  +  ^  "  Uj  . 
pj-l  Pj   pj-l       Pj 

Summing  over  j  from  1  to  n  we  find 


^n+l  -  ^n  +  2  log  2/2  Pn  ^  i-  i  Pn  ^-^ 

Summing  again  over  n  from  0  to  N  we  find 

or,  on  taking  exponentials,  and  using  (10.6), 

This   is  the  desired  form  (10. 7)   with  [i  =  K  log  8,    p  =  (  -. — rr—yr  J 

To  establish  the  same  estimate  for  any  other  value  of  t  ^  tg 
suppose  that  t  <  t  <  t  -  for  n  >  2.   Then  in  the  preceding 


• 


■   ■      ■  •  . 


I 


i 


. 


s 
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argument  we  may  delete  the  points  t  and  t  ,  and  replace  them  by 

the  single  point  t.   Since  t  . 0  -  t  ,  <  -2-  =  —  we  may  still 

n+2   n-1  -  6/£   ^^ 

carry  out  the  same  argument,  and  since  )    —  is  not  increased  by 

this  alteration  the  proof  is  unchanged  and  we  thus  obtain  the 

desired  estimate  at  t  (which  is  now  one  of  our  selected  points) 

with  the  same  values  of  u.  and  p. 

This  completes  the  proof  of  Theorem  3-8. 

In  case  ( ii )  with  p  =  co  the  inequality  states  that 

|u(t)|  >  |u(0)|e-lxt  0*  . 


The  example  of  P.  Lax  [1],  cited  on  page  76-77,  shows  that  the 
exponent  2  cannot  be  improved. 

11.  Another  lower  bound 

In  this  section  we  present  an  attempt  to  find  a  lower  bound 
for  solutions  of  (8.1)  in  the  framework  of  Lax's  theorem  at  the 
beginning  of  §8.   The  result  is  rather  special  and  its  proof, 
which  uses  several  ideas  occurring  in  previous  sections  is  some- 
what complicated. 

We  shall  consider  a  solution  of  (8.1)  on  0  <  t  <  T,  where  T 
might  be  infinite,  with  (j)(t)  <  constant  c.   Let  F  be  the  family  of 
horizontal  lines  in  the  upper  half  A-plane,  Im  A  >  0.   Recalling 
the  definition  of  §8  we  shall  assume  that  R(A)  is  (j,s)  bounded 
on  F  by  M.   (Thus  F  may  be  the  multiple  of  a  self  adjoint  operator, 
as  in  the  previous  result. )  We  have  not  succeeded  in  obtaining  a 
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lower  bound  for  |u(t)|;  however,  given  any  positive  number  p,  we 
shall  show  how  to  obtain  a  lower  bound  for 


Jb+p 
"t 


/   |u(s)|2- 


Again  the  proof  is  based  on  a  convexity-like  argument. 

Theorem  3«9«   There  is  a  number  c  depending  on  j ,  s,  M  and  p  such 
that  if  c  <   cQ   then 


t  +  P  _Q  t 

(11.1)         f       |u(s)|2ds  >   K0K^e"  °    . 
t 

Here  K,  and  u.  >  1,  are  fixed  constants  depending  on  j,  s,  M  and  p, 
and  (3  is  a  constant  depending  on  the  solution. 

Proof;   (i)  We  may  assume  that  p  ^_   1/2.   Set  p  =  3d, 

t  =  2nd  ,  n  =  0,1,2,. . . , 

n 

and  let  I  denote  the  interval  (t  , t  +d).   In  order  to  prove  (11.1) 
it  suffices  to  prove  the  inequalities 

n  .     t 

(11. 1)'         f         |u(s)|2ds  >  KK^e'^  n 

fcn 

with  some  constants  K,  K-^,  p,  \i;    for  any  interval  (t,t+p)  contains 

at  least  one  of  these  intervals  I  and  hence  (11.1)  follows  -  with 

(3o  =  Pu2d,  KQ  =  KK2d. 

(ii)  As  a  first  step  in  proving  (11.1)'  we  show  that,  for  c 

small,  given  any  cf>   0  and  a  *■  0, 


... 
: 


... 

:       .  ■ 
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a+4d  a+d  a+5d 

(11.2)  f         |easu(s)|2ds  1  CjT  \e«su(s)\2as  +  cf         le^uU)!2, 
a+d  a  a+'4d 

here  C  >_  1   is  a  fixed  constant  Independent  of  cT  or  of  the 
solution  u. 

In  proving  (11.2)  we  may  suppose  that  a  =  0;  this  can  be 
achieved  by  a  translation.   Let  £(t)  be  a  C   function  which  equals 
one  on  the  interval  (d,4d),  and  vanishes  outside  the  interval 
(0,5d);  let  Cj  be  a  bound  for  ||||  .   Set  v  =  e°'tC(  t  )u(  t ) ,  with 
v  =  0  outside  the  interval  (0,5d)  and  (L+iJ'Jv  =  f.   Taking  Fourier 
transforms  we  find  that 

U  +io'-A)v(A)  =  f(A)  . 

Arguing  as  in  the  proof  of  Theorem  J. 2  we  find  that 
oo  oo 


f     |v(t)|2dt  <  kM2  J     |f(t)|2dt  ; 


-co  -co 

here  k  is  the  constant  occurring  in  Lemma  3.1.   Since 


f  = 


fe'^Lu  in  the  interval  (2d, 3d) 


e   (  CLu  -  i  4u  )   outside  the  interval 


it  follows  from  (8.1)  with  <J>  ^_   c  that 
a+4d  a+4d 


2dt 


f       |v(t)|2dt  <  m2c2  f       |v| 

a+d 

&a+d  a+5d  x 

le^u^dt   +  f         |e^u|2dtj 


a+4d 


! 


■ 


■ 
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2  2    1 
Thus  if  c  is  such  that  kM  c  =  w  and  if  c  <  c  the  inequality 

(11.2)  follows. 

A  weaker  form  of  (11.2)  is  the  inequality,  for  c  ^   c  ,  (f  >_  0 

a+3d  a+d  a+5d 


2ds, 


(11.2)'  J         |u(s)|2ds  <  Ce"2^  f       \u(s)\2ds  +  Ce6Tdf         |u| 
a+2d  "a  a+4d 

Thus  if 

a+d         a+^d 

j       |u|2ds  >  f         |u|2ds 

a  a+4d 

we  may  choose  <T  ^_  0  so  that  the  terms  on  the  right  of  the  previous 
inequality  are   equal,    and  we   find 

J  |u|2ds±2c(j         |u|2dsj    f /  |u|2dsj       . 

a+2d  v  "a  v  ~a+4d 

(iii)  Set  g  =  /  iu|  ds,  n  =  0,1,...  .   According  to  the  preceding 
we  have :        n 


™  5/4  1/4 

11   sn-l  -  gn+l  tnen  sn  - 

(11.3) 


if  Sn-l  -  gn+i  then  ^  -  2CSn-l  ^n+1 


if  Sn-l  -  Sn+1  then  Sn  -  2CSn+l  ' 

the  last  following  from  (11.2) '  for  ^=0;  here  C  >  1.   These 
consititute  the  "convexity"  properties. 

Let  h  ,  n  =  0,1,...  be  the  solution  of  the  equations 

5A     1/4 

hn  -   2Chn-l  hn+l      ■ 


i 
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each  equation  serving  to  determine  h  -,,  given  h  and  h-,  satisfying 


ho  "  So  '   hl  -  Si  •   hl  -  ho  • 


Since  C  ^   1  the  h  form  a  decreasing  sequence.   We  claim  that 


(11.4)  gn  >   hn  ,  n  =  0,1,...  . 

It  suffices  to  prove  g   >  h  for  a  solution  h  of  the  slightly- 
modified  system 

,  ,3A   ,1/4     ,         ,         , 

hn  =  2C  Vl  hn+l  ■  ho  =  S0,  ^  <  Sl,  h±  <   hQ  , 

with  C'  >  C.   On  letting  C  — >  C,  h'  — >  h,  we  obtain  the  desired 

result. 

i 
The  proof  of  the  inequalities  g  >  h  ,  n  =  0,1,...  is  rather 

simple.   They  are  true  for  n  =  0,1.   Assume  that  they  are  false 

for  some  value  N  of  n  then  for  some  value  n  =  j  in  the  interval 

(0,N),  the  ratio  gn/h'  assumes  its  maximum  m  =  g^/h!  >  1.   Clearly 

0  <  j  <  N.  We  have  to  consider  two  cases. 

"  Ej.l  1  6J+1  then 

si  -   2CsJ+l 
and  therefore,  since  the  h'  are  decreasing,  and  C*  >   C, 


— -  K  -ft      i    <  m  ,   impossible  J 


If  g.  1  >   g.+1  we  have 


<  or   5/4  1/4 
SJ  -  2CgJ-l  SJ+1 


. 


. 
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and  again  we  find 


si  <  4ff^y yw*  < 


Thus  g  *  li'  for  all  n,  and,  as  we  indicated  before  (11.4)  follows. 
(iv)  Thus  to  obtain  the  lower  bound  (11.1)'  it  suffices  to  obtain 


(11.1)"  h„  >KK,ne-^ 


Since 


it  follows  that 


1 


Vl  _    ,  1  ^     hn 
*z~  ~    *  on  I 


K       2C     ^.i 


hn+l  _   ,  1  ,<ta  hl 
n  o 


hn+1(2C)-2(n+1)«   =    (hn(2C)-2n»03 

where   K  =  __(hn/h£)   '     .      Consequently, 

t  /2d 

or  t„/2d 


hn  -  -^  (K») 


*■*(*«) 


5n 


(2C)2     „     _    lora/d     ,,    _    ,l/2d 


This  is  of  the  form  (11.1)   with  K  =  ^J-  ,   K,  =  (2C)  '  ,  M-  =  5 
and  -p.  iog(^]^).  Q.E.D. 


■ 
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Chapter  IV 

Regularity  of  Solutions 

12.  Differentiability  and  analytlcity 

We  deal  with  functions  u(t)  defined  in  some  interval  of  the 
reals  with  values  in  a  Banach  space  Y,  with  norm  |  |.   (In  this 
chapter  we  shall  suppose,  for  convenience,  that  X  =  Y  although 
many  of  the  results  are  easily  extended  to  the  more  general  case. ) 
We  consider  the  equation  (2) 

(12.1)  Lu  =  if£  -  Au  =  f(t) 

where  A  is  a  closed  operator  in  Y  and  where  u  is  differentiable  in 
some  sense,  takes  its  values  in  D„  (domain  of  definition  of  A)  and 
satisfies  (12.1).   We  shall  first  give  some  necessary  conditions  in 
order  that  a  solution  of  (12.1)  with  f  belonging  to  some  class  of 
functions  over  an  interval,  will  also  belong  to  the  same  class  in 
some  interior  interval.   We  shall  consider  here  the  classes  Cn,  C00 
and  the  class  of  analytic  functions.   We  note  however  that  various 
other  classes  of  functions  could  also  be  treated  by  the  same 
procedure  which  consists  in  applying  the  closed  graph  theorem  in  a 
suitable  form,  deriving  a  priori  estimates  and  applying  these  to 
exponential  functions.   Afterwards  we  consider  sufficient 
conditions. 

Denote  by  Cn[-a,a],  the  Banach  space  of  n  times  continuously 
differentiable  functions  in  |t|  <  a  with  values  in  Y,  and  with  the 
usual  maximum  norm: 


■'...-' 
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|u|   =  max   max 


dju(t) 


°Uln  |t|<a    dt 
The  first  necessity  result  for  differentiability  is  the  following 

Theorem  4.1:   Suppose  that  solutions  of  (12.1)  possess  the 
following  property:   there  exist  numbers  0  <   a '  <  a  and  integers 
k  >  2,  s  >  -1,  such  that  if  u(t)  6 C1[-a,a]  and  f  =  Lu  eCk+s[-a,a], 
then  u  e  C  [-a1, a'].   Then,  the  following  inequality  must  hold: 


(12.2) 


i (a_a)<pi  >  cM-v(a-a')|Im  A|m 


for  all  9  e  D.  and  all  complex  numbers  A  such  that 

(12.2)'      |lm  A|  <  ^4  log  | Re  A|  -  C,  ,      |*|  >   N 


Here  C,  N  and  C,  are  certain  positive  constants. 

Proof:   Consider  the  graph  G:   (u,Lu)  for  all  u*  C  [-a, a]  with 
values  in  D.  such  that  Lu  € C   [-a, a].   It  is  readily  seen  that  G 
is  a  closed  linear  set  in  the  product  space  C  [-a, a]  x  C   [-a, a]. 
Thus,  with  the  induced  topology  G  is  a  Banach  space.   Consider  the 
mapping  (u,Lu)  — >u  from  G  into  C  [-a',a'].   By  our  assumption 
this  is  everywhere  defined  linear  transformation  and  it  is  readily 
seen  to  be  closed.   Hence,  by  the  closed  graph  theorem  the  mapping 
is  continuous.   In  other  words,  denoting  by  |u|   the  norm  in 
Cn[-a',a']>  we  must  have: 

(12.3)  |u|^  <  kUluI^  +  IuI-l) 

for  all  admissible  functions  u  with  (u,Lu)£G  and  some  constant  K. 


- 


. 


. 
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Now,  apply  (12.  J>)    to  functions  of  the  form:   u(t)  =  <l>e1At 


where  <))  is  an  element  in  D.  and  A  =  p.  +  iv  a  complex  number, 
simple  computation  shows  that  with  another  constant  K,  ( inc 
of  A  or  (j))  one  must  have  for  |a|  >  1: 

|A|k|^|ea,|vl  <  K^KA-A)^  |A|k+s  +  |A|  Jd>|)ealvl 
Hence 

k(a'-a)|v|  <v    (   1  (A-M<H  . ,  .  k+s 


(12.4)  |A|Va--a,|v,  <  K  f  hh-a;<pi  ^, 

We  now  restrict   A  by  the   relation: 

|A|k-le(a'-a)|lm  a|    ,   ^ 
or 

vi  f  log    ( 2K, )  v 

(12.5)  |lm  A|    <  i^4  log    |A|  -C,  (c,    =  r-i-  )     . 

~*  a-a  -1  v  L  a-a         y 

Then,    for   such  values  of   A     one  obtains 

Nke(a'-a)|lm  A|    <  |(A-M4>|     ,A|k+S 

~~       1  l<Pl 

or 

(12.6)  |(A-A)<t)|    >   ClA|-Se-(a-a')|lm  A|i<H       • 

This  proves  the  theorem  (since  (12.2)'  implies  (12.5). 

Remark:   Suppose  in  addition  that  the  resolvent  R(A;A)  =  (AI-A)" 
exists  at  some  point  in  each  component  of  the  region  (12.2)'.   It 
follows  readily  from  (12.6)  that  the  resolvent  exists  in  the  region 
(12.2)'  and  that  in  this  region 

(12.7)  |R(A;A)|  <  constant  | A| se(a"a ' ] I Im  A'  . 


- 

■ 


; 


Ill 


In  the  special  case  s  =  -1  we  have  for  real  A,  |A|  >  N  : 
|R(A;A)|  =  O(t-).   This  implies  that  the  resolvent  exists  in  a 
double  sector  |  arg  (±A)|  ^  a,  0  <  a  <  ^  ,  (|a|  >  Aq)j  where  it 
satisfies 

|R(A;A)|  =  0(i)  . 

Suppose,  now,  that  A  has  the  property  that  if  u €  C  [-a, a] 
and  LueC°°[-a,a]  then  u  e  C00  [  -a'  ,a'  ] .   To  obtain  a  necessary 
condition  in  this  situation  one  modifies  the  previous  argument. 
Consider  again  the  graph  G  =  {(u,Lu)  :  u€C  [-a, a],  Lu  6  C00  [  -a, a]  3 
which  is  a  closed  linear  set  in  the  product  space 

C  [-a, a]  X   C°°[-a,a].   The  map  (u,Lu)  — >u  from  G  (with  the  induced 
topology)  into  C  [-a*,&f]  is  everywhere  defined  by  our  assumption 
and  is  readily  seen  to  be  closed.   Hence,  by  the  closed  graph 
theorem  it  is  continuous.   Now  the  topology  in  C00  [-a, a]  is  given 
by  the  sequence  of  norms  |u|.  in  C  [-a,a].   Hence,  continuity  of 
the  above  mapping  means  that  for  every  k  ^_   2  there  should  exist  a 
position  integer  s  for  which  (12.3)  holds.   Summing  up  we  obtain 

Theorem  4.l'  :  A  necessary  condition  that  ufe  C  [-a,a],  LuGC°°[-a,a] 
would  imply  u  e  C00  [  -a ' , a  ■  ] ,  is  that  for  every  integer  k  ^_  2  there 
should  exist  an  integer  s  such  that  the  inequality  (12.2)  should 
hold  in  some  "logarithmic"  region  (12.2)'. 

Finally,  we  shall  give  also  necessary  conditions  for 
analyticity.   We  have 

Theorem  4.2:   A  necessary  condition  that  every  function  ue  C  [-a, a] 
with  values  in  D.  and  such  that  Lu  is  analytic  in  1 1 1  ^_   a  be  itself 


. 


• 


' 
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analytic  In  an  interior  Interval  |t|  _^  a '  (0  <  a'  <  a,  a'  fixed) 
is  that  there  exist  numbers  0<a<^,  b^_0  and  positive  constants 


(12.8)  |(A-70<H  >  Ce-b|A||<|)| 


for  all  A  such  that  |  arg  (±A)  |  <  a,  |  \\    >  NQ  and  <|>  e  DA. 

Proof:   Denote  by  M   (tj  a  given  positive  number)  the  class  of 
bounded  analytic  functions  with  values  in  Y  defined  in  the 
rectangle  | Re  1 1  <  a  +  rj,  |lm  t|  <  t)  in  the  complex  t  plane.   M  is 
a  Banach  space  if  one  chooses  as  a  norm: 

(12.9)  ||u||   =     sup    |u(t)|  . 

|  Re  t|<a+r| 

|lm  t|<n 

Similarly  denote  by  M  the  Banach  space  of  bounded  analytic 
functions  in  the  rectangle  | Re  1 1  <  a'+ij,  |lm  t  |  <  r\.     We  denote 
by  i^llr)  ^he   corresponding  norm  in  M ' . 

Assume  that  the  analyticity  property  of  Theorem  4.2  holds. 
We  shall  show  that  (12.8)  must  be  satisfied  in  a  double  angle.   To 
this  end  let  r\     >   0  be  fixed  and  consider  all  functions  u&C   [-a, a] 
with  values  in  D.  such  that  Lu  e M   .   (Clearly  this  set  contains 
many  functions,  e.g.  all  functions  of  the  form  u  =  <J>g(t)  with 
(J)  €  D .  and  g(t)  a  scalar  entire  function.)   Consider  the  graph 
G  =  £(u,LuH  of  all  such  functions.   It  is  readily  seen  that  G  is 
a  closed  linear  subset  of  C  [-a, a]  x  M   .   Thus,  with  the  induced 
topology  G  is  a  non-trivial  Banach  space.   By  assumption  it  follows 
that  if  (u,Lu)eG  then  u  is  analytic  in  |t|  <  a'.  Let 


. 
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Gn  =  {.(u,Lu)eG,  ufMM.   Clearly  (J  Gn  =  G.   Since  G  is  a  set 

of  the  second  category,  it  follows  that  one  of  the  G  's,  say  G   , 

is  also  a  set  of  the  second  category.   Set  r\     =  l/n,  .   Consider 

the  mapping  from  G   into  M   defined  by:   (u,Lu)  — >  u.   This  is  an 

nl       ^1 
everywhere  defined  linear  transformation  £jj  G   which  is  closed 

nl 
(in  G   ).   Hence  by  one  form  of  the  closed  graph  theorem  it  follows 

nl 
that  transformation  is  bounded  on  G   and  thus  can  be  extended  by 

1 
continuity  to  G   .   Now,  since  G   is  a  linear  set  of  the  second 

nl  nl 

category  in  the  Banach  space  G  it  follows  that  G   is  dense  in  G 

nl 
so  that  by  the  definition  of  G   we  actually  have:   G   =  G   =  G. 

nl  nl    nl 

The  above  considerations  yield  the  following  estimates  for 

(u,Lu)  e  G: 

(12.10)        lull^  ±k(||lu|^  +  lulj 

where  K  is  some  constant.   Taking  u(t)  =  ^e1   with  <|)  6  D.  and 
A  =  u.  +  iv,  t  =  s  +  ir,  it  is  readily  seen  that 

He^Hll^       max     e^r"vs|  «|,|    =  e1^  |t]  +  l  v  '  {a+T]  ]  |  <|>|    . 
|s|<a+Ti 


|r|<ri 
Hence,    (12.10)   yields    (for    |7v|    >   1): 


lM-h1+|v|(a,+Ti1) 


<K(|(A-,H|el,l|n°+1V|,a4,,°)+H)|    MeMa). 


It  is  now  readily  seen  that  if 


. 


i 


' 


' 
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(12.12)  I  v  I    <  — ^r   \\x\      and      |a|    >  N      ,    sufficiently  large 

—    a  _a  —        O 


then: 


|nh   +|vi(a'+r)    )  I, 

e  1  1     >   2K|A|e|v|a 


Hence,    if    (12.12)   holds  we   obtain  from  (12.11): 

|p.h1+lv|(al+n1)  ,  ,,     lnh  0+|v|(a+r1    ) 

lile  X  X     1  2K|  (A-X)4>|e  °  °      . 

Or,  in  the  double  angle  |arg  (±A)|  ^_   a,  |a|  >  Nq  where 

^1 
tan  a  =  r ,  we  have 

a-a 

,,    i   -(Ii*l+|v|)(n  0-n  -)-lv|(a-a,).11 
I  (A-704>|  l^e  °  x  |*|  . 

This  gives  (12.8)  and  establishes  the  theorem. 

Remark:   As  before  we  conclude  from  (12.8)  that  if  the  resolvent 
R(A;A)  exists  for  a  sufficiently  large  positive  number  A  and  also 
for  a  sufficiently  large  negative  number  A~,  then  a  necessary 
condition  for  solutions  of  (12.1)  to  possess  the  analyticity 
property  of  Theorem  4.2  is  that  the  resolvent  should  exist  in  some 
double  angle  | arg  (±A)|  <  a  (0  <  a  <  J),  |a|  >  NQ,  and  grow  at  most 
exponentially  in  the  double  angle  as  A  — >  go  . 

We  pass  now  to  the  problem  of  giving  sufficient  conditions 
for  differentiability.   We  shall  show  in  the  following  that  the 
necessary  conditions  derived  above  are  almost  sufficient  for  the 
various  differentiability  theorems.   More  precisely,  the  necessary 
conditions  somewhat  strengthened  will  be  shown  to  be  sufficient. 


. 
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For  a  treatment  of  the  differentiability  of  solutions  of 
Lu  =  0  in  case  A  generates  a  semigroup  see  K.  Yosida  [2]  where 
also  other  references  are  given. 

For  simplicity  we  shall  assume  in  the  following  that  the 
solutions  of  (12.1)  are  taken  in  the  most  restricted  pointwise 
sense  and  are  C  functions.   However,  it  will  be  clear  from  the 
proof  of  the  various  differentiability  results  (all  of  which 
employ  suitable  integral  representation  formulas)  that  these 
results  hold  under  much  weaker  assumptions  on  the  solution  u(t) 
which  need  not  be  differentiable  or  even  continuous  but  only  a 
weak  solution  of  (12.1)  in  some  sense.   Indeed,  if  one  considers 
such  generalized  solutions  the  corresponding  results  yield 
regularity  theorems  showing  that  weak  solutions  are  actually 
smooth  functions. 

Theorem  4.3:   Suppose  that  the  resolvent  R(7\;A)  exists  in  a  region 
(12.13)    £>:   |lnM  <  IoS  1R&*I  ,        N  >%  , 


where  c  and  N  are  some  positive  numbers  and  that 

(12.13)'      |R(A;A)|  <  constant  |A|seA'Im  A'    in  g, 

where  s  >  -1  and  A  >  0  are  constants.   Let  u(t)  be  a  C  solution 
of  (12.1)  in  the  interval  |t|  <  a.   Suppose  that  in  the  same 
interval  ffc  Ck+'-2+s^;  k  being  some  integer  >  2.   Set; 

a'  =  a-A-c(s+k+l) 


■    . 

:■     ••..     .       r  ■   ■  '■  ■  •  -:.     ■ 

■    ..        ■  : 
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k 
and  suppose  that  a ■  >  0.      Then  u  e C  In  the  sublnterval  | t |  <  a ' . 

An  immediate  consequence  of  Theorem  4.3  is  the  following 

result  on  infinite  differentiability. 

Theorem  4.3* :   Suppose  that  A  has  the  following  property:   For 
every  e  >   0  there  exists  a  number  N  (e)  >   0  such  that  R(A;A)  exists 
in  the  domain; 

SE:  Urn  X|  <_   l0*  'Re  A|  ,      N  >  NQ(e)  , 

|R(A:A)|  <  C pN8e*lIm  A|    in  £l 


and 


where  s  >  -1  and  A  >  0  are  constants  independent  of  e  whereas  C 
depends  on  e.   Then  every  C   solution  of  (12.1)  in  |t|  <  a  with 
f€C   in  | t |  <   a  is  infinitely  dif ferentiable  in  the  sublnterval 
|t|  <  a-A. 

Proof  of  Theorem  4.3:   Let  a"  be  an  arbitrary  number  such  that 
0  <  a"  <  a'.   It  will  suffice  to  establish  the  differentiability 
property  of  u  in  |t|  *   a" .  With  6  =  a'-  a",  and  £(t)  a  scalar  C00 
function  on  the  real  line  such  that  £(t)  m   1  for  |t|  ^_   a-6, 
5('t)  =  0  for  |t|  >  a--|,  set  v  =  ^u  for  |t|  <  a,  v  =  0  for 
|t|  >  a.   Then  v  is  a  C  function  on  the  line  such  that  v  =  u  for 
|tj  <  a-6  and: 

(12.14)  Lv  =   £f  +iC'u   ,  for      |t|    <   a    . 

We  define  f  =  £f  for  |t|  <  a,  f  =  0  for  |t|  >  a;    g+  =  i£'u  for 
-a  _^  t  <  -a+6,  g  (t)  =  0  otherwise;  g  =  iC'u  for  a-6  <  t  <  a, 


■ 


: 


•        \ 


, 
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g  =  0  otherwise.   Clearly  with  these  definitions  we  have  on  the 
whole  line: 

(12.14)'  Lv  =  fQ  +  g++  g_  . 

Taking  Fourier  transforms  we  find  that 

(A-A)v(A)  =  fQ(A)  +g+(A)+  g_(A)  . 

Since  v,  f  ,  g  and  g  are  of  compact  support  the  corresponding 
Fourier  transforms  are  entire  functions  of  exponential  type  (with 
values  in  Y)  so  that  the  preceding  equation  actually  holds  in  the 
entire  complex  A  plane.   Thus,  whenever  the  resolvent  R(A)  =  R(A;A) 
exists: 


v(A)    =    R(A)f    (A)  +  R(A)g    (A)  +R(A)g    (A) 


)dA 


so   that,    for    |t|    ^  a"    <  a-5 

N  -N 

o  o 

ySFu(t)    ~f       eiAtv(A)    +f       eiAtR(A)(fo+|++g 

-NQ 

CO 

+  f    eiAtR(A)(f0+g++g    )dA    . 
No 

We  claim  that  after  suitable  deformations  of  contours  u(t) 
can  be  expressed  in  the  following  form  for  |t|  ^   a" 

(12.15)  /2tt  u(t)  =uQ(t)  +u1(t)  +ug(t)  +  u+(t)  +  u*(t)  +tij(t)  +  u~(t) 

where  these  terms  are  absolutely  convergent  integrals: 


- 


■ 
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uQ(t)   =    f      eiAtv(A)dA    , 
u1  =    [         eiAtR(A)fQdA    ,  u2  =    f    eiAtRU)fodA    , 


N 


u*(t)    =    f    e1AtR(A)£+(A)dA    ,  j   =    1,2, 


here  P,  is  the  infinite  curve  in  the  first  quadrant  of  the 
A  =  (i  +  iv  plane  given  by 

(12.16)       P*  :    cv  =  log  n  -  log  NQ       for   p.  >   NQ 

(c  being  the  constant  in  (12.13)),  [""2  is  the  reflected  image  of 
p,  in  the  imaginary  axis,  and  P^  P2  are  the  reflections  of 
P,  ,  T^  in  tne  real  axis,  all  curves  being  oriented  with 
increasing  Re  A. 

Suppose  for  the  moment  that  these  integrals  have  been  shown 
to  be  absolutely  convergent.   Then  this  representation  for  u(t), 
i.e.  the  deformation  of  contour,  is  achieved  with  the  aid  of  the 
"multiplier"  function  (7-6)  employed  just  as  in  §7:   one  deforms 
the  contours  for  the  functions  v_(t)  given  by  (7-6)",  so  that  v(A) 
is  replaced  by  q(sA)v(A),  and  then  lets  e  — ■>   0. 

We  shall  now  show  for  |t|  <   a"  that  not  only  does  each  of 
the  last  seven  integrals  converge  absolutely,  but  even  after 
formal  differentiation  j  <  k  times,  the  resulting  integrals 


. 
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converge  absolutely  and  uniformly  in  every  closed  subinterval  of 
|t|  K  a".   From  this  it  would  follow  readily  that  u e  Ck  in  |t|  <  a" 
and  the  proof  will  be  complete. 

The  above  remark  clearly  holds  for  u  (t)  which  is  (after 
extension)  an  entire  function  in  the  complex  t  plane.   Consider 
next  u,(t)  and  Up(t).   Since  fQ(t)  is  of  compact  support  and  of 
class  ck+^2+s^  it  follows  from  (12.13)'  that 

|A|k|RU)foU)|  =  0(|AJs-[2+s])   for  real   A  -^  ±  co  . 

Hence,    since   s-[2+s]    <    -1 

co 
u2(t)    mj    eiAtR(A)fo(A)dA 

No 

and,  similarly  u,(t),  belong  to  C  on  the  whole  real  line. 

Consider  now 

U+  (t)  =f     eiAtR(A)gA+(A)dA  . 

Since  the  support  of  g  (t)  is  contained  in  -a  <  t  <   -a+6  it  follows 
that  g+(A)  (which  is  an  entire  function  of  exponential  type) 
satisfies: 

|e-iaAa+(M|    =   0(e6|lm  A') 

in  the  whole  plane.   It  follows,  with  the  aid  of  (12.13)'  that 
on  P^: 


■ 
■    . 
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|Ake1AtR(A)g+(A)|  -  |AkeiA(t+a)R(A)(e-iaA£+(A))| 

1  constant  nke"v(t+aVSe(A+6)v 

k+s  +  A+5-(t+a) 
_^  constant  \x  ,    using  (12.16). 

The  k  times  formally  differentiated  integral  u, (t)  will  thus 
converge  absolutely  and  uniformly  in  some  closed  interval,  if 
throughout  the  interval: 

k  +  s  +  A+5-(t+a)  K 
c 
or 

t  >  -a +A  + 6+ c(k+s+l)  =  -a'+6  =  -a"  . 

Thus,  u^(t)6  Ck  for  t  >  -a".   Similarly  one  establishes  the 
desired  absolute  convergence  of  the  other  k  times  differentiated 
integrals.   It  follows  that  uJ(t)£Ck  for  t  >   -a";  while  u~(t) 
and  uZ(t)  belong  to  C  for  t  <  a".   Combining  these  results  it 
follows  that  uc-  C  for  |t|  <  a '-6  (and  consequently  for  |t|  <  a') 
and  the  proof  is  complete. 

Remark:   Suppose  that  the  Banach  space  is  a  Hilbert  space.   Let  A 
be  an  operator  whose  resolvent  satisfies  the  conditions  of  Theorem 
4.3  with  s  an  integer.   Let  u  now  be  a  solution  of  Lu  =  f  in 
|t|  <  a  and  suppose  that  f(t)  has  k+s  derivatives  in  Lp  in  the 
interval.   Conclusion:   u  possesses  k  derivatives  in  L2  in  any 
closed  subinterval  of  |t|  <  a'.   The  proof  in  this  case  is  very 
much  the  same  except  that  Plancheral's  theorem  is  used  in  treating 
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u, (t)  and  Up(t).   One  finds  that  these  functions  possess  k 
derivatives  in  L2  on  the  whole  line.   The  conditions  in  this  L? 
result  are  closer  to  the  necessity  condition  than  are  the 
conditions  in  the  general  theorem  just  proved. 

Finally,  we  give  sufficient  conditions  for  analyticity. 

Theorem  4.4:   Suppose  that  R(A;A)  exists  in  the  double  infinite 
sector; 

J        :    | arg  ( ±A )  |  <  a  ,     | A |  >  NQ  , 
0  <  a  <  Tj-  and  that: 


(12.17)    |R(A;A) |  =  0(eAilm  Al+elAl) 


for  every  e  >   0  and  some  A  ^  0.   Let  u(t)  be  a  C  function  in  the 
interval  | t |  <   a  with  values  in  D.  and  suppose  that  Lu  =  f  is 
analytic  for  | t |  <  a ,   Then  u  is  analytic  in  the  subinterval 
|t|  <  a-A. 

For  related  results  in  the  case  that  A  generates  a  semigroup 
see  K.  Yosida  [l].   The  regularity  theorems  here  should  of  course 
be  extended  to  equations  in  which  A  is  permitted  to  depend,  say 
analytically,  on  t.   In  case,  for  each  t,  A(t)  is  the  generator 
of  a  semigroup  then,  under  suitable  conditions,  the  analyticity  of 
solutions  of  Lu  =  0  has  been  shown  by  H.  Komatsu  [l],  where  other 
references,  as  well  as  applications  to  parabolic  equations  in  a 
cylinder  are  also  given. 

Proof:   The  proof  of  the  theorem  is  similar  to  that  of  Theorem  4.3. 
Let  us  first  note  that  without  loss  of  generality  we  may  assume 


. 


. 
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that  u  is  continuous  for  |t|  _^  a  and  f  is  analytic  for  |t|  ^  a. 
We  shall  actually  establish  a  more  general  result  than  the  one 
stated.   Namely,  we  shall  assume  that  R(7\;A)  is  of  some  exponential 
growth  0(e    )  in  YZ.   and  satisfies  the  weaker  growth  relations 

(12.18)     |R(A;A)|  -  0(eA  ' Im  A'  )     for  arg  A  =  ±a  ,   |a|->oo. 

and 

(12.18)'    |R(A;A)|  =  0(eA",|Al  )       for  real   A  —  >  ±gd  , 

where  A1  ^0,  A"  ^_  0  are  some  constants.   Under  the  assumptions 
(12.18),  (12.18)'  we  shall  show  that  if  f(t)  is  analytic  in  the 
rectangle  |Re  t|  ^_   a,  |  Im.  tj  ^_  r\   in  the  complex  t-plane  with 
r\   >  A" ,  then  u  is  analytic  in  the  subinterval  |t|  <  a -A'  -  ,^ 
of  the  real  t  axis.   Clearly  the  theorem  will  follow  by  taking 
A1  =  A+e,  A"  =  e  with  e  >   0  arbitrarily  small. 

To  prove  the  last  assertion  we  start  by  extending  u(t)  and 
f(t)  to  the  whole  real  axis  by  setting  u  =  0  and  f  =  0  for  |t|  >   a. 
Let  u  and  f  be  the  corresponding  Fourier  transforms,  so  that 


c 

u(A)  =  -L-      f 


u(t)e"itxdt  . 


/27 


Since  Lu  =  f  we  find  that 

(A-A)G(A)   =  -L-  u(-a)eiaA L-  u(a)e" 

i/2rr  i/2? 

so   that   in  YZ.  : 
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iaA              -iaA 
(12.19)   u(A)  =  ®__  R(A)(u(-a))  -- _  R(A)u(a)  +R(A)fU)  . 

1/2tt  1/2tt 

Since  f(t)  can  be  extended  as  an  analytic  function  of 
t  =  s+ir  into  the  rectangle  |s|  <   a,  |r|  <  r|  we  may  write  f(A)  as 


/2?  f(A)   =    f    e"isAf(s)ds 


-a+ir)dr 
0 


(12.20)  =   ^J    e-lsAf(s+ir))ds   +  ieiaXjT    erAf( 


1 

-   ie"iaA/    erAf(a+ir)dr   . 
0 

Similarly  we   find  that    (12.20)   holds  also  when  tj    is  replaced  by   -r\, 
These  results  may  be  expressed   in  the   form 

/5rfU)   =  eT1'g2(A)  +  eiaAh2(A)  +e-iaAh-(A) 
=  e    '  g,(AJ  +  e       h-^M  +e         h^CX) 

+   + 
where  g,,  gg,  h,,  hp  are  entire  functions  of  exponential  type  such 

that  g-,,  go  are  bounded  on  the  real  axis,  and 

h*U)  =  Ote^1)  ,  j  =  1,2 

in  the  complex  plane. 

Taking  inverse  Fourier  transforms  we  have,  for 
|t|  <  a-A-T}/sin  a,  on  substituting  the  above  two  expressions  for 
f  into  (12.19)  for  t  <  -N  and  t  >  N  respectively, 


-No 
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No 
2tt  u(t)   =  /2?  J        eiAtu(A)dA 

"No 
/    e1Xt",»AH(X)g1dA+/      eiAt+^ARg2dA 
NQ 

oo  oo 

f    eiA(t+a)Rk+(A)dA  +f    eiA(t-a)Rk-(A)dA 

No  No 

-N  -N 

f         eiMt+a)Rk+U)dA  +f         eiA(t-a)Rk^(A)dA 


(12.21)  ° 


+ 
-oo 


where  we  have   set 

kj(A)   =   -lu(-a) +  h|(A)    ,        k"(A)   =  iu(a)+h~(a)    ,        j  =   1,2   . 

We  note  that  kf(A)  =  0(eT1'A')  in  the  plane. 

We  wish  now  to  deform  the  lines  of  integration  in  the  last 
four  integrals  to  lines  on  the  boundary  of  YZ   s0  that  the 
expression  u(t)  becomes 

(12.21)'    2tt  u(t)  =  u  +u1  +  u2  +  u^+u^  +  Ug+u~ 

where  u  ,  u, ,  u„  represent  the  first  three  integrals  on  the  right 
of  (12.20),  and 


4-1 

No 

4=/ 


N  +eia.oo 
o 


e" 


o 

-N 


o 


-No+ei(7r-a).o 


N  +e~" 

lq 

.00 

(t+a)Rk+dA         , 

No 

eiA(t-a)Rk-dA 

eiA(t+a)Rk+dAj 

"No 
U2   mJ 

eiA(t-a)Rk-dA   # 

o 

-N  +eV 

0 

[a 

->.co 
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These  contour  deformations  are  justified  as  before  with  the  aid  of 
the  multiplier  (7-6)  (with  the  value  of  r  in  the  multiplier  chosen 
so  that  1  <   r  <  •£-)   provided  that  the  integrals  u~  converge 

cXx  j 

absolutely. 

Now  we  shall  show  that  for  |t|  <   a-A-ii/sin  a  the  integrals 
not  only  converge  absolutely  but  are  also  analytic  in  t,    giving 
the  desired  result.   Clearly  the  integral  u  converges  absolutely 
and  represents  an  entire  function.   Since  |g,|  is  bounded  on  the 
real  axis,  while  R(A)  satisfies  (12.1c)'  we  see  that  the  integral 
u1  converges  absolutely  and  represents  an  analytic  function  in  the 
complex  t  =  s+  ir  plane  for  r  >   -(t]-a");  recall  that  rj  >  A". 
Similarly  Up  is  analytic  in  the  half  plane  r  <  tj-A".   In  treating 
the  other  four  integrals  we  use  the  following  estimates  on  the 
corresponding  rays: 


|RU)k:U)l  =  o(eA'|lm  M-wiM)  t      j 


1,2  . 


From  this  it  follows  readily  that  u,  converges  absolutely  and  is 
analytic  in  the  half  plane 

s  sin  a  +r  cos  a  >   -d 
where 

d  =  (a-A*  )sin  a  - 1]    . 

Similarly  we  find  that  the  remaining  integrals  converge  absolutely 
and  represent  analytic  functions  in  the  half  planes: 


• 
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u,   in   -s  sin  a.   +  r  cos  a  >   -d 

u~  in   s  sin  a  -  r  cos  a  >   -d 

Up  in  -s  sin  a  -  r  cos  a  >  -d  . 

In  particular,  then,  for  real  t  we  see  that  the  u*  are  analytic 
for  t  *  -(a-A '  )+ri/sin  a  while  the  u~  are  analytic  for 
t  <  a-A'-ii/sin  a.   Combining  these  results  we  find  that  all  the 
integrals,  and  consequently  u  itself,  are  analytic  on  the  real 
segment  |t|  <  a-A'-r|/sin  a,  completing  the  proof. 

Remarks:   1)  Let  P  be  a  linear  operator  mapping  the  domain  of  A 
into  Y.   One  may  be  interested  in  the  analyticity  of  Pu  in  case 
f  is  analytic.   It  is  clear  from  the  proof  of  Theorem  4.4  that  if 
we  replace  R(A;A)  by  PR(7\;A),  and  assume  that  R(A)  exists  for  A 
reaL  |a|  >  N  ,  then  Pu  is  analytic  in  the  subinterval  |t|  <  a-A. 

Similar  extensions  of  remarks  2)  and  3)  also  hold. 

2)  If  we  consider  solutions  of  the  homogeneous  equation  Lu  =0 
the  representation  formula  is  simplified  considerably;  we  have 

No    _ 
(12,22)      2tt   u(t)   =  /27    f    eiAtu(A)dA 

"No 

N  +eia.oo  N  +e"la.oo 

o  o 

-   if  eiA(t+a)R(A)u(-a)dA  +  if  eiA(t-a)R(A)u(a)dA 


o  o 

o  o 


f  eiX(t+a)R(A)u(-a)dA  +  if  eiMt-a)R(A)u(a)dA 

-N+ei(7r-a).co  -N  +ei(a-T}.oo 

o  o 


' 


- 

■  '     "  ( :--  i  : 

:  ■  ■        ; 

- 

Us, 

......  -  .  . 


■ 

■ 


{ 
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Formula  (12.22)  holds  under  the  assumption  that  R(A)  exists  in  the 
double  angle  | arg  (±A)|  ^  a  for  |x|  >  N  and  satisfies  there 
| R( A ) 1  =  0(e'  '  )  for  some  p  <  -^-   and,  moreover, 
|R(A)|  =  0(eA'Im  A')  on  the  sides  of  the  angles.   Under  these 
conditions  it  follows  readily  from  (12.22)  that  every  solution  of 
Lu  =  0  is  analytic  in  the  rhombus  in  the  complex  t  plane  having 
the  real  segment  -(a-V  )  <  t  ^   a-A1  as  a  diagonal  and  2a  as  the 
angle  at  the  two  vertices  t(a-A'). 

J>)   The  assumption  on  the  resolvent  of  symmetric  angles  with 
respect  to  the  real  axis  was  made  for  the  sake  of  convenience.   The 
results  are  easily  generalized  to  non-symmetric  angles.   (See 
Remark  1  after  Theorem  2.8.)   If  one  considers  solutions  of  Lu  =  0 
on  a  half-line  which  grow  at  most  exponentially  the  assumptions 
could  be  relaxed  even  more.   We  mention  one  such  result  which 
follows  easily  by  the  method  of  proof  of  Theorem  4.4. 

Theorem  4.5:   Suppose  that  R(A;A)  exists  in  the  sector 

p  -I 

0  <  arg  A  <  a  <ir,    |a|  >  1^  where  it  satisfies:   |R(A)|  =  0(e'A'   ) 

with  P]_  ""  ^J  suppose  also  that  R(A;A)  exists  in  f-P  <   arg  A  <  tt,  if 

U!P2 
|A|  >  N2  (P  <  tt-cO  and  satisfies  there  R(A)  =  0(e'  '   )  with 

P2  "*  q.      Suppose,  moreover,  that 

|R(A)|  =  0(eA  Im  A)      for  arg  A  =  a 

and  arg  A  =  7r-(3  . 

Then,  every  solution  of  Lu  =  0  which  exists  and  belongs  to  L,  on 
the  half-line  y  ^_   0  can  be  extended  analytically  into  the  complex 
t-plane  in  the  angle:   -a  <  arg  (t-A)  <   P. 


' 


0 


' 
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Theorem  4.5  may  be  considered  as  an  improvement  of  Theorem 
2.3- 

4)  Suppose  that  u  is  a  solution  of  the  homogeneous  equation 
Lu  =  0  on  the  interval  -a  <  t  ^_   a.   It  is  of  interest  to  see 
whether  there  exists  a  solution  with  the  same  initial  value  of  a 
slightly  perturbed  equation  (recall  that  the  initial  value  problem 
is  not  necessarily  well  posed).   We  present  a  result  in  this 
direction  which  follows  immediately  from  Remark  2),  in  particular 
from  the  representation  (12.22). 

Theorem  4.6;   Assuming  the  preceding,  suppose  that  R(A)  exists  in 
the  double  angle  |  arg  ( ±A )  |  <  a   for  |  A  |  >  N  and  satisfies  there 

|RU)I  =  0(|A|S) 

for  some  integer  s  >  -1.   Then  if  u(-a)  belongs  to  the  domain  of 

s+2 
A    the  equation 

(elcV  -  A)v  =  0  . 


with  a '  a  constant  j a ' |  <  a ,  has  a  solution  on  some  interval 

-a  <  t  <  b  with  lim  v(t)  =  u(-a).   If,  furthermore,  u(-a)  belongs 
t->  -a 

to  the  domain  of  A5+^  then  v  is  also  a  solution  on  the  interval 
-a  <  t  <  b. 

Proof:   The  function  u(t)  given  by  (12.22)  is  an  analytic 
extension  of  our  given  solution  to  the  rhombus 


V 
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and  hence  the  function  v(t)  =  u(-a  +e  "^  (t+a))  is  a  solution  of 

(12.25)  on  an  interval  -a  <  t  <  b.   We  wish  to  verify  that  as 

let ' 
t  — *•  -a,  t  real  >  -a,  u( -a  +  e"    (t+a))  tends  strongly  to  u(-a) 

s+2 
assuming  that  u(-a)  belongs  to  the  domain  of  A    .   (The  proof  of 

the  last  statement  in  the  theorem  is  similar,  and  we  omit  it. ) 

To  show  this  it  suffices  to  show  that  the  function  u(t)  given 

by  (12.22)  is  uniformly  continuous  in  the  small  triangle  A: 

|arg  (t+a) I  <  a1,  |t+a)  <   e   for  some  small  e.   This  is  clearly  so 

for  the  terms  in  (12.22)  not  involving  u(-a)  so  we  consider  only 

the  remaining  terms 


No+eia.oo 


ux(t) 


/ 


elMtta,R(A)u(-aldX 


"No 

•/ 

-N  +ei(7r-a).co 
o 


eiA(t+a)R(A)i,(_a)dA  < 


We  make  use  of  the  following  simple  identity:   for  any 
integer  s  >  -1, 


RU) 


s+1 


s+2 

"s+2 


R(A)  . 


Substituting  this  into  the  preceding  integrals  we  find 


' 


■' 
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iMt+a) 


~ dA 


iu1(t)  =  u(-a)  / 

r 

+  g/£^d^ku(_a)+/^AS+2u(_a)dA 

r  r ' 

where  P  consists  of  the  two  straight  lines  occurring  in  the 
integrals  in  u-^t),  oriented  with  Re  A  increasing.   Each  of  these 
integrals,  with  the  exception  of  the  first,  is  absolutely  and 
uniformly  convergent  for  t  in  the  triangle  A,  since  |R(A)|  =  0(AS) 
while  the  first  integral 

u(-a)/e1Mt+a»f 

r 

is  easily  seen  to  be  equal  to 


■u<-.)/ 


iMt+a) 


A 


dA 


r\ 


where  [\   is  any  curve  in  the  upper  half  plane  joining  -N  and  N  . 
This  last  expression  is  clearly  uniformly  continuous  for  t  in  A, 
and  the  theorem  is  proved. 
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Chapter  V 

Applications  to  Differential  Problems 

We  shall  apply  the  abstract  theory  developed  previously  to 
differential  problems,  being  mainly  interested  in  properties  of 
solutions  of  such  problems  in  cylindrical  domains.   We  shall  be 
concerned  with  a  general  class  of  problems  which  we  term  weighted 
elliptic  boundary  value  problems.   This  class  includes  both 
elliptic  and  many  parabolic  problems  for  cylindrical  domains  as 
a  special  case.  The  applications,  starting  in  §17,  will  consist 
in  combining  results  from  the  abstract  theory  with  various  results 
(in  particular,  estimates)  from  the  elliptic  theory.   In  §13  we 
first  describe  some  known  results  concerning  general  elliptic 
boundary  value  problems  and  then  pass  (§§14  and  15)  to  weighted 
elliptic  boundary  value  problems  in  cylindrical  domains;  these  we 
transform  into  first  order  systems  in  the  direction  of  the 
generator  (sl6). 

13-  Preliminaries 

Consider  complex  valued  functions  u(x),  x  =  (x,,...,x  ), 

defined  in  a  domain  G  in  n-dimensional  space.   The  boundary  of  G 

is  denoted  by  dG  and  its  closure  by  G.   Set  D.  =  T  -s— -  for 

a       a  J   x   oxj 

j  =  1,. . . ,n,  and  D  =  D  x  ...  D  n.   Here  a  =  (a-  + . . .  +«n)  is  a 

multi-index  with  integral  components  a.,  >  0  whose  length 

a,  + . . .  + a  we  denote  by  |a|.  A  good  part  of  the  applications 

will  concern  functions  defined  in  cylindrical  domains  in  which 

case  we  shall  denote  the  dimension  of  the  space  by  n+1  and  let 

(x,t)  =  (x,,...,x  , t)  be  the  generic  point  in  E  ,-,• 


.. 
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For  functions  u(x)  in  CJ(G)  we  define  the  L  norms  (p  >  1): 

(13.1)  Hull.  .    =  (YZH    f  lDau|p  dxV/p  . 

The  completion  of  C'-'(G)  under  this  norm  is  a  Banach  space  denoted 
by  H.  T  (G).   For  p  =  2  it  is  also  a  Kilbert  space. 

We  shall  first  consider  general  elliptic  boundary  value 
problems.   Denote  by  Jl(x.;D)    (D  =  (D,,...,D  ))  an  elliptic  operator 
of  order  2m  in  G: 

(13.2)  c^(x;D)  =  >      aa(x)Da  , 

j  a  |  ^2m 

where  ellipticity,  as  usual,  means  that 

(13.3)  A'fxjl)  =  5 a  (x)^  ^  0  ,       Ua  =  C1   ...    £*) 

|a|=2m 

for  all  real  vectors  £  j^  0  and  all  xfc  G.  For  n  =  2  we  shall  always 
tacitly  assume  that  in  addition  the  following  condition  holds. 

Condition  on  Jj  :  For  every  pair  of  linearly  independent  real 
vectors  £,  r\  and  xeG  the  polynomial  in  s:  <A  (x;|  +  srj )  has 
exactly  m  roots  with  positive  imaginary  parts. 

As  is  well  known  this  condition  is  always  satisfied  if  n  >  3 
or  if  n  =  2  and  the  leading  coefficients  are  real. 

Let  there  also  be  given  a  system  of  m  differential  boundary 

c  -> m 
operators  {B  .\   .  ,  of  respective  order  m.,: 

(13.^)  B,(x;D)  =  I  bJ(x)Da 

3  M<m. 
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with  coefficients  defined  on  the  boundary.   We  shall  be  interested 
in  solutions  u  of  the  boundary  value  problem: 

JLu   -  f   in  G   , 
(13.5) 

BjU  =  0   on  6G  ,  j  =  l,...,m  . 

For  convenience  we  shall  refer  to  the  triplet  of  elliptic  operator, 
boundary  system  and  domain  as  an  "elliptic  boundary  value  problem" 
and  shall  denote  it  by  (^,£B.^;G). 

General  boundary  value  problems  were  considered  during  the 
last  few  years  by  many  authors.   The  general  existence  theory 
depends  on  a  priori  estimates  for  solutions  of  (13.5).  We  shall 
make  use  of  certain  estimates  derived  for  different  classes  of 
functions  by  Agmon,  Douglis,  Nirenberg  [1]  (see  also  Browder  [1-2]. 
For  the  estimates  to  hold  it  is  necessary  that  the  following 
algebraic  condition  be  satisfied: 

Complementing  Condition:   At  any  point  x  of  <3G  let  v  denote  the 

normal  to  6G  and  ^  /  Oa  real  vector  parallel  to  the  boundary. 

We  require  that  the  polynomials  in  s:  B.(x;|+sv),  j  =  l,...,m 

(B*  denoting  principal  part)  be  linearly  independent  modulo  the 

m  t 

polynomial  ||  (s-s^(4))  where  s,  ( £)  are  the  roots  of  ^(xj^+sv) 

k=l     K  K 

with  positive  imaginary  parts. 

Suppose  that  the  Complementing  Condition  holds,  that  the  B. 

are  of  order  m.  <  2m,  G  bounded, and 

2m 
Smoothness  assumption:   G  is  of  class  C   .   The  leading 

coefficients  of  JL   are  continuous  in  G,  the  other  coefficients 
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being  measurable  and  bounded.   The  coefficients  of  B .  (j  =  l,...,m) 

2m-m .  " 

belong  to  C    J  on  the  boundary. 

Under  the  above  assumptions  the  following  a  priori  L 

estimates  hold. 

Theorem  5.1;   Consider  the  class  of  functions  u  in  C  m(G) 


satisfying  the  boundary  conditions; 


B  u  =  0  on  bG    ,  j  =  l,...,m  , 

and  let  1  <  p  <  co  .   Then; 

(13.6)      Hu|l2m;L  <o(Mu|lL  ♦  |„||  ) 

P  P  P 

where  C  is  some  constant  depending  on  ( Ji   ,fB.};G)  and  p  but  not 
on  u. 

This  theorem  in  a  more  general  form  was  established  in 
Agmon,  Douglis,  Nlrenberg  [1]. 

One  calls  a  boundary  system  of  differential  operators  £B  \ 
a  normal  system  if 

a)  The  boundary  dG  is  non-characteristic  to  B.  at  every 
point. 

b)  The  orders  of  the  different  operators  are  distinct. 
When  G  is  bounded  we  shall  use  the  following 

Definition  5.1;  An  elliptic  boundary  value  problem  (  J{   ,|B.K;G) 
is  called  a  regular  problem  if 

i)  The  elliptic  operator  A    (  of  order  2m)  and  the  boundary 
operator  [B3  satisfy  the  Complementing  Condition. 


I      fi 


i     3 
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ii)  fB.j  is  a  normal  boundary  system  of  m  operators  of 
orders  _^  2m- 1. 

(iii)  The  smoothness  assumptions  on  the  domain  and  the 
coefficients  introduced  above  hold. 

We  note  that  Theorem  5.1  holds  in  particular  for  regular 
elliptic  boundary  value  problems. 

Ik.   Boundary  value  problems  in  cylindrical  domains 

As  mentioned  already  the  applications  of  the  abstract  theory 
will  deal  mostly  with  solutions  of  differential  problems  in 
cylindrical  domains.   The  problems  we  have  in  mind  are  general 
elliptic  and  parabolic  boundary  value  problems  and  more  generally 
a  class  of  problems  which  we  term  weighted  elliptic.   Before 
describing  these  problems  let  us  modify  our  notations.  We  shall 
denote  by  n+1  (n  ^_   1)  the  space  dimension  and  let 
(x,t)  =  (x, , . . . ,x  , t )  be  the  generic  point  in  E  ,  .   We  denote  by 
P  the  infinite  cylinder:   P  -  £(x,t)  :  xeG,  -co  <  t  <  oo^  where 
G  is  some  bounded  domain  in  E   (interval  for  n  =  1).   We  call  G 
the  base  of  P.   We  put  Dt  =  j  -j^-  ,  D^  =  (D1,...,Dn)  and  denote 

by  D^  (a  =  (c^,...,^))  the  x-derivative  D-p  ...  Dn  .   We  shall  be 
interested  In  linear  differential  operators  of  the  form: 

(14. 1)   ^(xjDx,Dt)  =  ^(x;Dx)+  ,^_1(x;Dx)Dt  +  ...  +^ 

vjhere  the  iAAx.;D   )  (j  >  1)  are  linear  differential  operators  in 
j    x 

x  with  variable  coefficients  defined  in  G  and  J^   a  non-zero 


• 


:  :  .      ,  -  ■        ] 

......  .  . 
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constant.   Denote  by  s.  the  order  of  cA_  .   We  shall  say  that  JL 
is  of  order  type  (2m, k)    if  the  following  holds: 

(14.2)       s&  =   2m  ,   and  in  general   s .  <  =?   J  • 

Denote  by  jf.{x;D„)    (j  =  0,...,k)    the  sum  of  terms  in  A.   which 
J    x  J 

are  of  precise  order  -^-j,  letting  <Jc\   =  0  if  there  are  no  such 
terms.   Clearly,  J$Q  =   JiQ  =   constant,  utff£  =     A\   and  jft.   ■  0 
if  — j^-  is  not  an  integer.   We  now  define  the  weighted  principal 
part  of  A#   of  4  as: 

(U.J)       ^#(x;Dx,Dt)  -£j|  Ai3U;Dx)T>i    . 

With  these  notations  we  introduce  the  following 

Definition  5.1:   An  operator  ^(x;D  ,D, )  which  is  of  order  type 
(2m,  SL)   is  said  to  be  a  weigthed  elliptic  operator  in  P  (|  )  if 

(14.4)  ^#(x;4,t)  t  0 

for  all  real  vectors  (|,T)  =  (  %      . . .  ,§  T )  ^  o  and  all  xfe  f1  (  P). 

A  weighted  elliptic  operator  of  order  type  (2m, 2m)  is  simply 
an  elliptic  operator  in  (x,t)  of  order  2m.   On  the  other  hand 
weighted  elliptic  operators  of  order  (2m,l)  include  the  standard 
parabolic  operators.   We  also  observe  that  if  cA.   is  a  weighted 
elliptic  operator  of  order  type  (2m,  &) ,    then  t^(x;Dx)  is  an 
ordinary  elliptic  operator  in  x  of  order  2m.   The  operator 
(■g-r-  A  )(4x-+A  ),  with  A  =  the  Laplace  operator  in  the  x  variables 
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is  a  weighted  elliptic  operator,  as  is  each  of  its  factors,  while 
the  Schrfidinger  operator  D,  +A  is  not  weighted  elliptic. 

If  n  =  1  we  shall  always  assume  in  the  paper  that  the 
weighted  elliptic  operator  satisfies  the  following 

Condition  on  >A    '•      For  every  real  t  ^  0  and  xeG,  the  polynomial 
in  £.:  cA   (x;|,,x)  has  exactly  m  roots  with  a  positive  imaginary 
part. 

Denote  by  P   the  part  of  P  contained  in  a  <   t  <  b.   We 
shall  be  interested  in  solutions  v  of  the  boundary  value  problem: 

(14.5)    ^(x;Dx,Dt)v(x,t)  =  f(x,t)    in   P&  , 


B.(x;D  ,D. )v  =  0  on  curved  part  (i.e. 

cylinder  side)  of  dpo,   j  =  l,...,m  , 
a 

where  /f  is  a  weighted  elliptic  operator  of  order  type  (2m,i5), 

,  m 
and  ;B.(x;D  ,D,  K   is  a  given  system  of  differential  operators 
j    x  z   >  i 

defined  on  dp.   As  indicated  we  assume  that  the  coefficients  of 
B.  are  independent  of  t  and  thus  actually  defined  on  dG.   We  shall 
again  refer  to  the  triplet  (</f,[B.};P  )  as  a  weighted  elliptic 
boundary  value  problem. 

We  restrict  the  class  of  weighted  elliptic  boundary  value 
problems  by  introducing  the  analogous 

Complementing  Condition  on  (  JLS  £b  .]  ?;  P) :   At  any  point  (x,t)  of 
dp  let  v  be  the  normal  to  dP  and  (£,t)  ^  0  be  a  real  vector 
parallel  to  dp  at  the  point.   We  require  that  the  polynomials 
in  s:   B  .(x;4+sv,t) ,  j  =  l,...,m,  be  linearly  independent  modulo 
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the  polynomial  TT  (s  -s.  (|,t))  where  s.(£,t),  k  =  l,...,m,  are  the 
roots  of   J?./r(x;^+sv,T )  with  positive  imaginary  parts. 

We  note  that  if  cA.    is  an  ordinary  elliptic  operator  in  (x,t) 
then  the  Complementing  Condition  coincides  with  the  corresponding 
condition  given  in  the  previous  section.   In  the  general  situation 
the  condition  makes  sense  since  v  is  also  the  normal  to  bG   at  x 
and  it  is  readily  seen  from  our  assumptions  that  £v£*(xj£+sv,t)  is 
a  polynomial  of  order  2m  in  s  with  no  real  roots  such  that  exactly 
half  the  roots  possess  a  positive  imaginary  part. 

Finally,  in  a  manner  analogous  to  the  definition  of 
regularity  for  elliptic  boundary  value  problems  in  bounded  domains, 
we  introduce 

Definition  5-2:   A  weighted  elliptic  boundary  value  problem 

(<v4!>  [B  .]  ,  ;  P  )  of  order  (2m,i)  will  be  called  a  regular  problem  if: 

(i)  The  Complementing  Condition  holds. 

(ii)  [B 3    is  a  normal  boundary  system  and  the  order  m.   of  B. 
J  J       J 

is  <  2m-l. 

Also  the  following  smoothness  conditions  should  hold: 

(iii)  G  is  a  bounded  domain  of  class  C^m. 

(iv)  The  coefficients  of  ,/v    are  continuous  in  G,  the  other 

coefficients  of  <A.   being  measurable  and  bounded. 

2m-m. 
(v)  The  coefficients  of  B.  belong  to  C    J  on  dG. 


When  dP  is  not  connected  m,  could  take  different  integral 
values  on  the  different  connected  components  of  c^Pas  one  can 
take  different  boundary  systems  on  the  various  components.   This 
applies  in  particular  to  the  special  case  n  =  1  in  which  case  SP 
is  composed  of  two  parallel  lines. 
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In  the  following  even  if  not  explicitly  stated  we  shall 
consider  only  regular  weighted  elliptic  boundary  value  problems. 
Moreover,  we  shall  impose  another  restriction  on  the  boundary 
system.   Namely,  B„.  contains  no  t-differentiation  so  that  the 
system  is  of  the  form  {B.(x;D  )] .      The  restriction  to  regular 
problems  is  necessary  because  of  the  existence  theory  to  be  used 
later  although  some  theorems  which  do  not  use  the  existence  theory 
but  only  the  a  priori  estimates  remain  valid  in  the  more  general 
situation.   On  the  other  hand,  the  restriction  on  the  boundary 
system  is  less  essential  and  is  made  so  that  in  the  reduction  of 
the  problems  to  the  abstract  forms  of  the  previous  chapters  the 
domain  of  definition  of  the  operator  A  will  be  independent  of  t. 
By  modifying  our  proofs,  somewhat,  most  of  the  results  could  be 
established  without  the  additional  restriction  on  the  boundary 
system. 

The  following  theorem  is  basic  for  the  applications. 

Theorem  5-2:   Let  (4  (x;Dx,Dt )  ,(B ,-Uj^)]™;  P)  be  a  regular 
weighted  elliptic  boundary  value  problem  of  order  type  (2m, £)   and 
1  <  p  <  co  .   Set  d  =  3r.   Then,  for  all  functions  u(x)  6  C2m(G) 
satisfying  the  boundary  conditions: 


B.(;:;D  )u  =0   on   dG  ,       j  =  l,...,m 
J     x 

and  for  all  real  A  such  that  | A |  >N.,  the  following  estimate 
holds: 

(14.6)  ZZ  M(2m-J)/dllu||.T     lC\UU;D^)a\\L    (G)  , 


140 


where  C  and  N  are  constants  depending  only  on  (<^,[B.^;P)  and  p 
but  not  on  u  or  A. 

Before  proving  the  theorem  we  remark  that  from  the  proof  it 
will  be  seen  that  the  restriction  on  the  boundary  system  to  be 
normal  is  not  necessary.   Also,  one  can  easily  extend  the  theorem 
to  boundary  systems  of  the  form  [B.(x;D  ,D. )]. 

Theorem  5.2  contains  Theorem  12.8  of  Agmon,  Douglis, 
Nirenberg  [l]  as  a  very  special  case,  and  the  proof  here  is  much 
simpler.   The  theorem  is  deduced  by  a  simple  artifice  from 
Theorem  5.1  applied  in  n+1  dimensions. 

Proof:   We  shall  first  prove  Theorem  5.2  in  the  special  case 
I   =  2m,  i.e.  when  (A,   is  an  elliptic  operator  in  (x,t)  of  order  2m. 
Let  C(t)  be  a  C®  function  on  the  line  such  that  £  a  1  for  |t|  ^1, 
£  =  0  for  |t|  >  4.   Let  u(x)  satisfy  the  conditions  of  the  theorem, 
and  introduce  the  function: 

(14.7)  v(x,t)  =  u(x)ei>fcC(t) 

where  A  is  some  real  number.   Clearly,  ve  C  m( P ) ,  v  =  0  for 

|t|  >  |  and  B.v  =  0  on  dp»  j  =  l,...,m.   Hence,  denoting  by 

P  (=  p  )  the  part  of  the  cylinder  P  contained  in  |t|  <  r,  it 

follows  readily  that  Theorem  5.1  is  applicable  to  v  in  Pg,  so  that 

(14.8)  ljv||  ic/lUvJI        +  ||v||       )   . 

2m,Lp(P2)     XV       Lp(P2)       Lp(r2]^ 

Now,  iv(x,t)  =  ^(t)elAt^(x;D  ,A)u(x)  +  linear  combination  of 
derivatives  of  u(x)eiAt  of  order  <  2m- 1  with  coefficients  which 


' 
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are  some  bounded  fixed  functions  times  powers  of  A.   Using  this, 
and  noting  that  v  =  uelA  for  |tj  _^_  1,  ie1   |  =  1,  we  obtain  from 
(14.8) 

(14.8)*   «ueiAt||      _   <  ||v|| 

2m,Lp(ri)  "     2m,Lp(r2) 

lC2(lM(xjDx,,)uJ1Lp{G)  +g  lul^^lxl^1^) 

with  some  constant  Cg  independent  of  u  and  A.   Now: 

||ue1M1|P  „        -    f    J |Da(ueiAt)lP  dxdt 

2m'Lp(rV   p   la|<  2m 


y^S  r    j ,^a  ,P1.,P(2m-j) 

J^  G   NU 


I  M       dx 


,p      |  ,p(2m-j) 


Prom  the  last  inequality  and  (14.8)'  we  find  for  suitable  constants 

U4.9)   r:  iiuii.  L  (G)iAi2m-j  <c Jivii 

j^J     -Lp(G)  5    2m,Lp(r2) 

Consequently  if  |a|  >  2Ck   it  follows  that  (14.6)  holds  with 
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Suppose,  now,  I  ^  2m.   Let  Jl  *  be  the  weighted  principal 
part  of  c/f  so  that  by  (14.8)  the  corresponding  characteristic  form 
is 


^nx;e,T) 


s 


<?  ,U;5)tJ  . 


Write  d  =  -jS  in  its  lowest  terms:   d 


where  a,  b  are  relatively 


prime  positive  integers,  and  put  £,  =  p   Since   c>f f  =  0  if  - 
is  not  an  integer,  we  actually  have: 


(14.10) 


A#U\l,-v) 


S  <wx*ft)* 


bj 


We  now  define: 


(14.11) 


*1 

JL+(x;^,t)  =  £^  ^/.bj(x;e)TaJ 

JC*(x5e,T)  =  ^Z  (-l)bj'  ^f_b.(x;|)TaJ  . 


It  is  readily  seen  that  if  t  ^  0,  t  >  0,  then: 
Jl+(x;e,T)  =  A?(x-A,rd) 


(14.11) 


£~U;|,t)  =  ^x^,-xd)  . 


Also,  for  each  fixed  x,  Jl   and  jC~  are  homogeneous  polynomials 
in  (£,t)  of  degree  2m  (we  recall  that  JL„   ,.  is  homogeneous  in  £ 
of  degree  d(i-bj)  =  2m-a j ) .   Now,  from  (14. 11)'  and  the  weighted 
ellipticity  of  JL    it  follows  that  £~(xj|,t)  is  different  from 
zero  for  all  real  (?,t)  ^  0  with  t  >   0.   Prom  the  homogeneity  of 


. 


. 
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£   it  then  follows  that  £~"(x;£,t)  =  X~(x;-£,-t)  t   0  for  all  real 
(£>t)  7^  0.   In  the  same  way  one  sees  if  n  =  1  that  JC    (x;£,,t) 
possesses  exactly  m  roots  In  £,  with  positive  imaginary  parts  for 
every  t  ^  0.   Finally,  in  the  general  case,  one  sees  in  the  same 
manner  that  «C  (x;|,t)  and  the  {B.(x;£)s  satisfy  the  Complementing 
Condition.   Thus,  (  jC  +  (x;Dx,Dt ) ,  [B..  (x;Dx)]  ;  P  )  and  (,£",fB^;D 
are  regular  elliptic  boundary  value  problems  in  (x,t)  of  order  2m. 
Since  these  problems  correspond  to  the  case  i   =  2m  for  which  the 
theorem  was  already  established,  it  follows  readily,  using  (14.11)' 
for  A  >   0  and  A  <  0,  that  for  all  real  A,  |a|  >  NQ: 

2m    J^(2m-j)  * 

(14.12)  EZ  M  m      IMIjjL  (G)  lC||^Tx;Dx,A)u||L  (Q)  . 

Now 

(14.13)  ^1x;Dx,A)u  =  ^(x;Dx,A)u 

+  I^^(^M(x,Dx)-  ^ld(x,Dx))u  . 

From  the  definition  of  the  weighted  principal  part  it  follows 
readily  that  a  k   order  derivative  of  u  in  the  last  sum  has  its 
A  factors  raised  to  powers  j  *  p— (2m-k),  so  that 

(14.13)'   lU#(x;Dx,A)u||L  (Q)  1  ||  ,A  (x;Dx,  A)u||L  (Q) 

2m  .  .-4(2m-j) 


2ni 


where  K  depends  only  on  the  coefficients  of  iA   -    Jt   .   Clearly  it 
follows  from  (14.13)'  that  the  inequality  (14.12)  holds  with  <A^ 


. 


• 


•     ' 
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replaced  by  cA   if  one  replaces  N  and  C  by  some  larger  constants. 
This  completes  the  proof  of  the  theorem. 

We  mention  that  Theorem  5.2  admits  a  kind  of  converse. 
Namely,  we  have 

Theorem  5-2':   Let  (^(xjD^D^^B.Ix^IJJjD  be  a  weighted 

elliptic  boundary  value  problem  of  order  type  (2m,^)  such  that 

£BA  is  a  normal  system  of  boundary  operators  of  orders  ^_   2m-l  and 

the  usual  smoothness  assumptions  hold.   Suppose  that  for  p  =  2  the 

conclusion  of  Theorem  5.2  holds.  Then  ,  (  c^J  B/^™;  P )  is  a  regular 

problem  (I.e.  the  Complementing  Condition  holds) . 

We  shall  give  a  brief  indication  of  the  proof  under  the 

additional  assumption  that  the  highest  power  of  2  which  divides  l> 

also  divides  2m  (this  will  apply  in  particular  when  I   divides  2m). 

In  this  case  one  can  without  loss  of  generality  assume  further 

that  £   =  2m.   (This  is  done  by  considering  the  problem 

+  + 

(  «£  ,[bA^;P)  where   X   is  defined  by  (14. 11)'  noting  that  for 

this  problem  £   =  2m  and  it  satisfies  the  conditions  of  the  theorem 

since  b  is  odd.  )   Let  now  v(x,t)ec   (p)  and  assume  that: 

(i)    v(x,t)  is  periodic  in  t  of  period  2tt. 

(ii)  B.v   =  0  on  dp,  j  =  l,...,m. 
Consider  the  Fourier  expansion  in  t: 

v(x,t)  -v£Z  un(x)eint 

-00 

so  that 

(14.14)     ^(x;Dx,Dt)v  «.  YZ   c4(x;Dx,n)un(x)eint  . 

-co 


. 
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From  (14.14),  Parseval  '  s  formula,  and  the  assumed  a  priori  estimate 
(14.6)  which  the  un  satisfy  (p  =  2,  &   =  2m),  one  obtains  readily 
that  the  class  of  functions  v  satisfy  the  following  estimate: 

(14.15)   ||v||  <  const  (|M(x;D.Dt)v||       +||vj|       ^ 

2m,Lp(r  )         V       X  t        LP(P>      ^(TJJ 


2X  '  ir' 


TT 


This  estimate,  however,  implies  that  the  Complementing  Condition 
holds.   This  is  shown  by  simple  counterexamples,  and  the  proof  is 
just  a  refinement  of  the  proof  of  the  necessity  of  the  Complementing 
Condition  in  a  very  similar  situation  given  in  Agmon,  Douglis, 
Nirenberg  [l]. 

For  p  =  2  Theorem  5«2  yields  an  estimate  for  regular 
weighted  elliptic  boundary  value  problems. 

Corollary;   Let  (^,iB.| ,;("')  be  as  in  Theorem  5*2  and  let 
u(x,t)e  C  m(  P  )  be  a  function  satisfying  the  boundary  conditions 
B.u  =  0,  j  =  l,...,m  on  the  cylinder  side.   Ifa<a'<b   <  b  the 


inequality 


dxdt 


hh-1  b  b 

<   constant  /   /  | Au|  dxdt + constant  /   /  |u|  dxdt 
—  a      j  J      J 

a  G  a  G 

holds  with  some  constant  independent  of  u. 

Proof:   Assume  first  that  u  and  its  derivatives  up  to  order  2m 
vanish  at  t  =  a  and  t  =  b.   Then  on  taking  Fourier  transforms  with 
respect  to  t  the  result  follows  immediately  (  in  fact  with  a'  =  a, 
b'  =  b)  from  (14.6)  with  the  aid  of  Parseval's  theorem. 


• 
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To  treat  the  general  case  let  £(t)  be  a  C   function  of  t 
which  equals  one  in  the  interval  (a',b')  and  vanishes  outside  the 
interval  (a,b),  and  consider  the  function  v  =  £  mu.   By  applying 
the  result  just  obtained  to  the  function  v  one  obtains  the  desired 
result  with  the  aid  of  some  elementary  inequalities. 

The  proper,  more  complete,  formulation  of  this  result 
involves  fractional  derivatives  with  respect  to  t  and  may  be 
extended  to  operators  with  coefficients  depending  on  t  by  means 
of  partition  of  unity,  and  using  the  methods  of  Agmon,  Douglis, 
Nirenberg  [l].   For  general  results  see  Peetre  [l]. 

The  corollary  has  the  consequence  that  the  completion  in  the 
Lp  norm  over  [       of  solutions  of  <-x  u  =  0  in  P  ,  satisfying 
B.u  =  0  on  the  side  of  the  cylinder  is  an  interior  compact  space 


in  the  sense  of  Lax  [ 3] 


15.  Application  to  the  existence  theory 

We  have  introduced  in  §13  the  Banach  space  H.  T  (G) 

k,Lp 

consisting  of  functions  u&L  (G)  possessing  generalized  (strong) 

derivatives  in  L  (G)  up  to  the  order  k.   When  one  considers 

boundary  value  problems  it  is  natural  to  consider  subspaces  of 

H,  T   consisting  of  functions  satisfying  linear  boundary  conditions 

k'Lp 
in  some  generalized  sense.   Thus  in  particular  if  [B.^  is  a  system 

of  linear  differential  operators  of  orders  <   k  defined  on  dG  we 

shall  denote  by  H,  T  (GjfB.})  the  completion  in  the  norm  of  H,  T 

of  all  functions  ufC  (G)  which  satisfy  the  boundary  conditions: 
B.u  =  0  on  SG  for  all   j  . 
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Remark:   It  is  obvious  that  under  the  respective  conditions  of 
Theorems  5.1,  5- 2  the  basic  estimates  (13-6)  and  (14.6)  hold  for 
all  functions  u(x)  in  H2m  L  (G;[B.]m). 

Let  M(x;D),£B  (x;D)]m;G)  be  an  elliptic  boundary  value 
problem  of  order  2m.   The  L  existence  theory  is  concerned  with 


the  problem:   Given  feL  (G)  find  ueL  T  {G;lB.\)    such  that 

P  >  p     J 

du  =  f.   More  generally,  determine  the  class  of  functions  f  which 


admit  a  solution  u.   The  existence  theory  was  developed  recently  by 

a  number  of  authors  for  regular  elliptic  boundary  value  problems 

(Schechter  [l]  for  p  =  2;  Browder  [l-2]  and  Agmon  for  general  p>l), 

If  one  considers  eA  as  a  closed  operator  in  L  (G)  with  domain 

H0  T  (GilBA)  one  can  show  that:   (i)  the  null  space  of  Jl   is 

2m> Lp     J 
finite  dimensional  (this  is  an  immediate  consequence  of  (13.6} ). 

(ii)  The  range  of  <A,   is  closed  and  its  co-dimension  is  finite. 

Furthermore,  under  additional  smoothness  assumptions  one  shows  that 

the  formally  adjoint  problem  is  also  a  regular  problem  and  that  the 

"alternative"  holds  for  the  two  problems.   It  is  not  established, 

however,  by  the  above  theories  that  for  an  arbitrary  regular 

problem  the  spectrum  of  Jt   is  not  the  whole  complex  plane,  nor  that 

the  dimension  of  the  null  space  of  JL   and  the  co-dimension  of  its 

range  are  equal  (a  result  which  is  probably  false  in  general). 


Existence  results  for  a  wider  class  of  problems  were  obtained  by 
Schechter  [2]  and  more  completely  by  J.  Peetre  [l]. 

p 

To  be  published.   The  method  is  based  on  a  regularity  theory  in 
L  which  for  the  Dirichlet  problem  was  described  in  Agmon  [1]. 


- 


. 


; 
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We  shall  display  a  subclass  of  regular  problems  possessing  this 
property.   Moreover,  a  problem  in  this  subclass  can  be  "imbedded" 
in  a  family  of  regular  problems  U4  ,TBA;G)    {A.0   =  <A)   depending 
in  a  polynomial  way  on  a  complex  parameter  A  such  that  for  all 
values  of  the  parameter  with  the  exception  of  a  discrete  set  the 
mapping  u  — >■  A.   u  is  one-to-one  from  H^  -  (G;(BJ)  onto  L  (G). 
Our  subclass  consists  of  restrictions  to  the  x  variable  of  regular 
weighted  elliptic  problems  in  one  more  variable  in  a  cylinder  P 
erected  over  G. 

Let  L4(x;Dx,Dt),['B.(x;Dx)$™;p)  be  a  regular  weighted 
elliptic  boundary  value  problem  of  order  type  (2m,  ,2)  defined  in 
a  cylindrical  domain  P  with  base  G.   Write  -^  in  the  form: 

^(x;Dx,Dt)  .  ^(x;Dx)  +    ^UjD^  +  . . .  + Ag>{    . 
Then  (A.   is  an  elliptic  operator  in  x  in  the  domain  G  and 


(<A.g,{B?$  ,;G)  is  a  regular  elliptic  boundary  value  problem  of  order 

2m  in  G.   We  shall  say  that  (^»,^B.^;G)  is  the  x-restriction  of 

*   J 

(  <A,  {B  .] ;  P  ) .   More  generally,  for  a  complex  A  set: 


(15.D  ^A(x;Dx)  =  ^(x;Dx,A) 

(so  that  A°   =  (^tg)'      We  shall  refer  to  the  family  of  problems 
(  «.■#' ,  fB.}  jG)  depending  on  the  complex  parameter  A  as  the  reduced 
weighted  elliptic  problem.   All  these  problems  are  regular  and  as 
a  matter  of  fact  possess  the  same  principal  part.   For  this  family 
of  problems  the  existence  theory  takes  a  particularly  simple  form. 
The  basic  result  here  is 


U9 


Theorem  5Q;   Let  (A    (x;D)  ,1B  (x;D)j  ;G)  be  a  reduced  (regular) 

weighted  elliptic  problem  of  order  type  ( 2m, i )  and  let  1  <  p  <  oo  . 

Then  the  mapping:   u  — >  <A   u  is  one-to-one  from  H0  T  (G;fB.^)  onto 
dXb,L  -  j J      

L  (G)  for  all  real  A  sufficiently  large  in  absolute  value. 

The  part  of  the  theorem  which  asserts  that  the  mapping  is 

one-to-one  is  a  direct  consequence  of  Theorem  5«2  which,  as  was 

already  remarked,  applies  to  all  u  €  H2  -  (G;{B."|).   The  second 

part  which  asserts  that  the  mapping  is  onto  will  be  given  in  the 

paper  of  Agmon  (to  appear)  on  existence  theory.   The  proof  consists 

in  showing  directly  for  real  A  sufficiently  large  that  if 

u'(x)eL  ,  (G)  ( ~j-  +  ~  «  1)  is  orthogonal  to  all  functions  Jl^n, 

ucL  T    (G;  B.  ),  then  u'  is  a  null  function.   The  theorem  could 
2m, Lp     j 

also  be  derived  in  a  less  straightforward  manner  and  under 
additional  smoothness  assumptions  from  the  results  of  Schechter 
and  Browder  referred  to  above. 

Remark:   Suppose  that  (X,{B.];G)  is  a  regular  elliptic  boundary 
value  problem  of  order  2m  which  is  the  x-restriction  of  some 
weighted  elliptic  problem  (<Af\B.\;\~^)    in  the  (x,t)  space.   It 
follows  from  Theorem  5-3  that  one  can  add  to  £  a  lower  order 


If  the  coefficients  of  {<A  ,{B.\;P)    are  sufficiently  smooth  then 

the  formally  adjoint  problem  [Ji   ,[B..};P)  exists  and  can  be 
shown  also  to  be  a  regular  problem.  °One  notes  further  that  the 
formal  adjoint  of  the  reduced  problem  is  the  reduced  problem  of 

(cA    ,{B.^;p).   Consequently  by  Theorem  5.2,  the  uniqueness  part 
of  Theorem  5.J>   holds  for  both  {A    ,{B.};G)  and  for  its  formal 
adjoint.   The  complete  result  follows  now  by  applying  the 


'alternative"  of  the  existence  theory. 


. 


• 
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operator  obtaining  an  operator  <€  such  that  the  mapping  u  — ■>   <Cu 

is  one-to-one  from  H~  T  (G;£B.})  onto  L,  (G)  (one  takes  £  =  Jl 
dm>ljr)  J         P 

with  real  A  sufficiently  large).   From  this  it  follows  easily,  by 
a  standard  reduction  to  the  Fredholm  alternative  for  compact 
operators,  that  the  dimension  of  the  null  space  of  £•  (with  domain 
H2m  L  (G'^Bii)  in  Ln^  and  the  c°-dlmension  °f  its  range  are  equal). 

l6.  Reduction  of  differential  problems  in  cylindrical  domains  to 
the  abstract  form.   Properties  of  the  resolvent.   Regularity 
Let  (c-41,  [B..^;  P)  be  a  regular  weighted  elliptic  differential 
boundary  value  problem  of  order  type  (2m,^).   Dividing  if  necessary 
by  a  constant  we  assume  from  now  on  that  lA.   has  the  form: 

(16. 1)   (^(x;Dx,Dt)  =  D^  +  ^1(x;Dx)D^-1+  ...  +  ^(x;Dx)  . 


We  shall  be  interested  in  solutions  u(x,t)  in  cylindrical  sections 
Pa  (the  part  of  |   in  a  <  t  <  b)  which  satisfy: 

^(x;Dx,Dt)u(x,t)  =  f(x,t)   in  P& 

(16.2) 

B.(x;D  )u  =  0  on  curved  part  of  dp   ,   j  =  l,...,m  . 
j    x  a 

By  introducing  as  new  unkowns  the  functions  u.  =  D?u,  j  =  0, ...  ,2,-1, 
one  can  write  the  first  equation  (l6.2)  as  a  system  (as  in  §2) 

DtUj  -  uj+1  =  0  ,  j  =  0,...,^-2  , 

(16.2)' 

V^i  +  g^-juj  =  f  • 


■ 
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If  we  introduce  the  vectors  U  =  (uQ,u1,  —  ,u.  ..),  F  =  (f  ,...,f»  .), 
The  system  (l6.2)   can  be  written  in  the  more  condensed  form: 

(16.3)  DtU  -  AU  =  F 

where 

J0-1 

(16.3)  '      AU  =  (u1,u2,...,u^_1,-  r~"  <^_juj) 

and  F  is  the  special  vector  (0,0, . . . ,0,f ) .   For  a  general  F 
equation  (16.3)  is  the  same  as  the  system: 


k~l 


^  -  Dk  -n^k.i ■  j  =  o,...,t-i 


(16. 3)" 

Au^r^.g^.gD^^Jf^. 

The  reduction  of  the  higher  order  problem  consists  in 
replacing  (16.2)  by  the  first  order  equation  (16.3)  where  U  is  a 
function  of  t  with  values  in  some  Banach  space.   Setting  d  =  y  we 
shall  usually  assume  that  the  values  of  U  lie  in  the  Banach  space 
0      (p  >   1)  defined  as  the  Cartesian  product  [S,   factors): 


(16.4)    X  m    /)3p  =  H0„  T  (G)  *H0„  ^  T  (G)  *  ...  )CH,  T  (G) 
or  else  in  the  space 


p   "2m,Lpvu/  A"2m-d,Lplv"   "•  A  d,Lp 


Y-  £     -   H2m_dj L  (G)^H2m_2d  L  (Q)  ^m     kH    (G) 

P  P  '  p 

and  that  (D,-A)U  lies  in  the  space  (6^  =  Y.   Now,  in  general  d 

6  P 

need  not  be  an  integer  in  which  case  (16.4)  involves  spaces  H  ^ 
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with  non-integral  r.   The  definition  of  such  spaces  for  p  =  2 
presents  no  difficulty  (using  for  instance  Fourier  transform). 
A  suitable  definition  for  general  p  is  also  possible  although 
more  involved.   Using  these  H-spaces  of  functions  with 
fractional  derivatives  it  is  possible  to  define  the  Banach  spaces 
<D     in  all  cases.   Nevertheless,  for  the  sake  of  simplicity  we 
prefer  not  to  deal  with  these  spaces,  and  for  this  reason  we  shall 
impose  from  now  on  the  additional 

Condition:         d  =  -^     is  an  integer  . 


We  remark  that  this  condition  covers  the  cases  which  seem  to  be 

the  most  interesting  in  applications:  Z   =  1,2  and  2m.   Note  that 

63     cz.  <p  and  in  fact  that  the  unit  sphere  in  $  has  compact 
P     P  P 

closure  in  (&    . 

The  linear  operator  A  introduced  above  is  defined  now  more 
precisely  as  follows:   it  is  a  linear  (closed)  operator  with  domain: 


(l6-5)   ^A  "  H2m>L  (OjJtyJ  *H2m     (G)  ,....  *H    (0)  , 

P  P  P 

in  0*    such  that,  for  U  £  Oa,   AU  (in  fi    )    is  given  by  (l6.3)'  (it 
is  well  defined  since  -^  B    .is  of  order  <   d(JJ-j)  =  2m-  jd).   By  a 
solution  of  (16.3)  we  shall  usually  mean  a  function  U(t)  in  an 
interval  (a,b)  with  values  in  *£>A  such  that  U(t)  is  continuous 
and  possesses  strongly  continuous  derivatives  (in  ^3D)  and  such 
that  (16.3)  holds.   It  will  become  clear,  however,  in  the  following 
that  our  results  hold  in  a  more  general  situation  when  the 
derivative,  for  instance,  is  taken  in  a  generalized  sense,  D.U  is 
locally  integrable  and  (16.3)  holds  almost  everywhere. 
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Returning  to  the  higher  order  problem  (16.2)  we  shall  say 
that  a  function  u(x,t)  in  P  is  a  solution  if  for  every  fixed  t 
in  (a,b),  u  belongs  to  H0  T  (G;LB."$  )  and  if  there  is  a  vector 
U  =  (uQ,u1, . . . ,u^_1)  e  £)   with  uQ  =  u  such  that  (16.3)  holds  in 

the  above  sense  with  F  =  (0,0, ,0,f)  (ff-L  (G)  for  every  fixed  t 

in  the  interval).   We  shall  refer  to  u.  as  the  (generalized)  D^ 
derivatives  of  u. 

For  a  complex  A  denote  by  R(A;A)  the  resolvent  of  A  when  it 
exists:  R(A;A)  =  (AI-A)~  .  In  the  abstract  theory  properties  of 
solutions  of  (16.3)  were  derived  under  certain  assumptions  on  the 
resolvent.  We  shall  show  that  in  the  concrete  case  before  us  the 
resolvent  indeed  has  many  of  the  stipulated  properties. 

In  the  following  |r|  ,  (  |R|  d  )  denotes  the  norms  of  the 

p  I 

resolvent  R  as  a  linear  mapping  from  $      into  ,6   (  ($3  )- 

Theorem  ^.kx      The  resolvent  R(A;A)  as  a  mapping  of  0      into 
^d  ^d^  exists  and  is  a  bounded  (compact)  operator  for  all 
complex  A  except  for  a  discrete  set  I A  \    -  the  eigenvalues  of  A. 
As  a  function  of  A,  R(A;A)  is  a  meromorphic  function  with  poles  at 
the  points  A  .   Furthermore,  there  exist  numbers  0  <  5  <  -k   and 
N  >  0  such  that  the  double  sector  Y~:      | arg  (±A)|  <  6,  |a|  >  N,  is 
free  of  poles  and  such  that  in  addition  the  following  inequalities 
hold: 

(i)    |R(A;A)|  .+  |A||R(A;A)L   <  constant  N^*1   in  5*~  . 
tf3  #p  "  — 

P 

(ii)  Denote  by  S  the  subspace  of  elements  in  @>      of  the  form 


(0,0,,..,0,f),  then: 


.  .. 


. 


..    . 
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|RQ(A;A)|  ,  + | A| |Rq(A;A)|  _   <  constant   in  V~  , 

S      6p       S      ^p  ~  —  *~ 

where  Rg  is  the  restriction  of  R(A;A)  to  S. 

(ill)      l&"s(MA)l ja.  +  lx^Ra(MA)|fl  =0(1) 

as  |a|  — >  co  on  the  real  axis. 

Proof:   The  existence  of  the  resolvent  means  that  for  every  F  £  /»3 
there  exists  a  unique  U  e  £).    such  that 

(16.7)  AU  -  AU  =  F  . 

Breaking  into  components:   U  =  (u  ,...,u.  .),  F  =  (f  , ...,f.  ..), 
(16.7)  can  be  written  as  the  system: 


(16.7) 


^(x;Dx,A)uo  =  f^  +  g  (a^  +  g  ^•Aj.j)^  , 

Clearly  (16.7)  will  have  a  unique  solution  if  and  only  if  the 

first  equation  (16.7)'  admits  a  unique  solution  u e.  H0  ,  (GjfB.j). 

'  p    "  ^ 
However,  by  Theorem  5.3  this  is  precisely  the  case  for  real  A  of 

sufficiently  large  modulus.   Thus,  for  such  A,  R(AjA)  exists  and 

is  a  bounded  (compact)  mapping  of  £3   into  §.       [  t&    ).      Now,  this 

implies  that  R(A;A)  exists  for  all  A  except  for  a  discrete 

sequence  [^    which  are  the  eigenvalues  of  A.   Moreover,  R(A;A)  is 

a  meromorphic  function  of  A  with  poles  A  .   For  if  T  =  R(A  ;A)  for 

some  A  in  the  resolvent  set  of  A  we  have 


:  .  ■ 
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R(MA)  =  ^-^  TR(7ri-T;T; 


o 

and  these  results  are  well  known  for  the  resolvent  of  the  compact 
operator  T. 

Introduce  now  the  family  of  differential  problems 
WQ  =  (t^(x;Dx,ei9Dt)^Bj(x;Dx)}^r)  depending  on  the  real 
parameter  9.      Since  W0  is  the  given  regular  weighted  elliptic 
boundary  value  problem  it  follows  (by  continuity)  that  if  6  >   0 
is  sufficiently  small  then  all  the  problems  W0  with  \d\    <_   6  are 
regular  weighted  elliptic  boundary  value  problems  of  order  type 
( 2m,  .0 ) .   Moreover,  it  is  readily  seen  that  for  6  sufficiently  small 
the  estimate  (14.6)  of  Theorem  5-2  holds  uniformly  for  the  family 
Wfi,  \9\   _<  6.   In  other  words,  it  follows  that  there  exist  constants 
0  <   6  <  5-  and  N  >   0  such  that  in  the  double  sector  |  arg  (±A)|  <  6, 
|a|  >  N,  the  following  inequality  holds  for  all  ueH2m  L  (G;lB A): 

2m    2U 

(16.8)   T~   |A|  a   ||u||.  T   <  constant  ||  ^(x;D.A)u|L 

with  a  constant  not  depending  on  u  or  A.  From  (16.8)  and  (16.7)' 
it  follows  that  there  are  no  eigenvalues  of  A  in  YZ   ^ s0  tna^  by  the 
above  R(A;A)  exists  everywhere  in  J~~) .      Moreover,  using  the  same 
relations  one  checks  easily  that  the  estimates  (i)  and  (ii)  of  the 
theorem  hold.   This  completes  the  proof  of  (i)  and  (ii). 

The  assertion  (iii)  follows  directly  from  (ii)  with  the  aid 
of  the  Cauchy  integral  theorem. 

Definition.   Lower  Order:   Let  T  be  an  unbounded  linear  operator 
in  a  Banach  space  such  that  R(A;T)  is  a  meromorphic  function  in  A. 


'  . 
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The  lower  order  of  the  resolvent  is  defined  as  the  smallest  non- 
negative  number  go  =  co(T)  with  the  following  property:   Given  e  >   0 
there  exists  a  sequence  of  circles  C   (n  =  1,2, ... ,)    in  the  complex 
plane,  containing  the  origin  and  whose  distance  from  the  origin 
tends  to  infinity,  such  that  R(A;T)  exists  on  C  and 

||R(A;T)||  <  e|A|      for   A  &  CR  ,   n=l,2,...  . 


Suppose  on  the  other  hand  that  T  is  a  compact  operator  so 
that  R(A;T)  is  a  meromorphic  function  of  ^-.   In  this  case  we  define 
the  lower  order  co(T)  as  the  smallest  non-negative  number  co  with  the 
property:   Given  e  >  0  there  exists  a  sequence  of  circles  C  in  the 
A  plane,  containing  the  origin  and  whose  distance  from  the  origin 
tends  to  zero,  such  that  R(A;T)  exists  on  Cn  and 

||R(A;T)||  <  e1  '      for  UC   ,   n  =  1,2,...  . 


We  now  complement  Theorem  5.k   with 

Theorem  5»^ '  '•      Let  A  be  the  operator  of  Theorem  $.k   and  assume  that 
p  =  2  (  $2  is  thus  a  Hllbert  space).   Then: 

(16.9)  oo(A)  <  §•  . 

Theorem  5«^'  follows  from  the  results  of  Agmon  [2],   Indeed, 
let  Ao  be  in  the  resolvent  set  of  A  and  set  T  =  R(AQ;A).   Then  T 
is  a  compact  operator  in  (Q  „   which  takes  S  2  boundedly  into  (j3  2  ■ 
T  satisfies  all  the  conditions  of  Theorem  A. 1.1  of  Agmon  [2],  from 
which  it  follows  that 


'     ':'      :    ■  '  '■■■■'•. 
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(16.10)  a)(T)  <  |  . 

Since  the  resolvents  of  A  and  T  are  connected  by  the  relation 

(16.11)  RlAjAl^Rt^-LjDT. 

o       o  " 

The  bound  (16.9)  follows  easily  from  (16.10). 

With  the  aid  of  Theorems  5.4,  5.^'  we  are  in  a  position  to 
apply  the  abstract  theory.   The  results  of  Chapter  4  yield 
immediately  the  following: 

Regularity  Theorem  5»5'   Let  u  be  a  solution  of  (16.2)  for 
0  <  t  <  T  and  suppose  that  for  every  t ,  u  e  H?  _  ( G ; [B . \ )   and 

f  &  Ho  L  ( G }  and  that  f  depends  C00  (analytically)  on  t  as  an 

'  P 
element  in  H  ,  ( G ) .   Then  u  ( t ,  x ) ,  regarded  as  an  element  of 

'    p   00 
H2m-d  L  ^  is  a  c   (analytic)  function  of  t  In  the  interval 

0  <  t  <  T. 

It  may  be  shown  that  u  is  actually  C00  (analytic)  as  an 

element  of  H0  T  (G;fB,}J.   (In  fact  if  one  examines  the  proofs  of 

'    p     ^ 

Theorems  4.  3,  4.4  one  sees  that  in  the  representations  (12.15)  and 

(12.21)'  for  u(t)  all  terms  belong  to  our  space  X  =  $   except 

possibly  for  the  functions  uQ(t).   Since,  however,  our  resolvent 

operator  has  at  most  a  finite  number  of  poles  on  the  real  axis  one 

may  again  deform  the  contours  occurring  in  the  theorems  slightly 

off  the  real  axis  and  obtain  functions  u  (t)  belonging  to  X.) 

We  see  furthermore  from  the  results  of  Chapter  4  that  if  u 

is  a  solution  of  the  inhomogeneous  Schrttdinger  equation  in  a 

finite  cylinder  0  <  t  <   T 


i 

i 

.     ! 
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analytic  in  t  the  solution  u  need  not  be,  for  the  operator  A  has 
infinitely  many  real  eigenvalues  and  so  the  necessary  conditions 
of  Theorems  4.1* ,  4.2  are  not  satisfied. 

Remark:   If  we  apply  Theorem  4.6,  with  s  =  -1,  we  see  also  that  if 
u  is  a  solution  of  (16.2),  with  f  =  0,  for  0  <  t  <  b,  and  if  the 
Cauchy  data  of  u  at  t  =  0  is  sufficiently  regular  then,  for  real  a' 
sufficiently  small  in  absolute  value  there  exists  a  solution  v  of 
the  problem 

(x;Dx,eia'  Dt)v(x,t)  =  0   for  0  <  t  <  b' 

B.(x,D  )v  =  0   on  side  of  cylinder  ,    j  =  l,...,m 
J    x 

in  some  interval  0  <  t  <   b '  with  the  same  Cauchy  data  as  u  at  t  =  0 

To  be  precise  if,  for  j  ^  £s   D^u  is  strongly  continuous  in 

H0   . j  T   on  o  <  t  <   b,  then  there  is  a  solution  v  of  the  problem 
dm-ja,ii       — 

above  such  that  for  j  <  I,  D^v(t,x)  tends  to  D^u(0,x)  in  the 
H2m-(j+l)d,Lp  topology  as  t-,0. 

It  may  be  shown  that  the  convergence  holds  also  in  the 

H2m-jd,Lp  ^Polosy- 
Using  the  last  statement  of  Theorem  4.6  it  may  also  be  shown, 

assuming  the  Cauchy  data  of  u  at  t  =  0  to  be  still  more  regular, 

that  the  function  v  is  a  solution  for  0  <  t  <   b'. 

We  conclude  this  section  with  some  remarks. 
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Let  l^n]   be  the  sequence  of  eigenvalues  of  A.   Then,  by  the 
above  R(A;A)  exists  for  A  ^  X  .   Taking  in  particular 
P  =  (0,...,0,f)  and  comparing  with  (16.7)'  we  conclude  that  the 
equation: 

(16.12)         J?Au  =  c^(x;Dx,A)u  =  f 

admits  a  unique  solution  ueH0  T  (G^BA)  for  every  f  t-L  (G). 

m'    p    '  «  P 

Thus  we  can  add  a 

Complement  to  Theorem  5-3:   The  conclusion  of  Theorem  5.3  holds 
for  all  complex  A  except  for  a  discrete  set  [  U . 

Let  us  write  the  solution  of  (16.12)  in  the  form 

(16.12)'  u  =  R(A)f  , 

~  A   1 

where  for  each  A  4  ^n>   R(A)  =  {  J{    )   is  a  bounded  operator  in 

L  (G)  (mapping  L  (G)  into  H0  ,  (G;tB.l)).   We  shall  refer  to  R(A) 

P  P  dm,  Li  J 

as  a  generalized  resolvent.   Due  to  the  relations  (16.7)'  there  is 
a  close  connection  between  R(A;A)  and  R(A).   In  particular,  using 
these  relations  and  Theorem  5.4  it  follows  easily  that  R(A)  is  a 
meromorphic  operator  valued  function  in  the  complex  plane  with 
poles  at  the  points  A  .   We  note  that  in  a  general  abstract 
situation  generalized  resolvents  were  first  considered  by  Keldys 
[1]  who  also  gave  applications  to  non-self -ad joint  differential 
problems.   If  Rg(A)  is  the  restriction  of  R(A;A)  to  the  subspace  S 
consisting  of  vectors  f  of  the  form  (0, — >^o_\^    then  indeed  we 
see  that  if  U  =  Rg(A)f  f  e.  S  then 
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u.  =  ^Mtui  . 

Thus  the  poles  of  R  and  Rg(A),  and  their  orders,  are  the  same. 

Let  A  =  An  be  an  eigenvalue  of  A  and  3>  ^  0  the  corresponding 
eigenelement:   aJ  -  A<{)  =  0,  it  follows  from  (16.7)'  that  <j>  is  of 
the  form: 

(16.13)  J  =  (<l),A<i),...,A'e-1<l)) 


where  <J>  &  H2m  L   (G;[B A),      <{>  ^  0,    and 

(16.13)'  <A\  =  0  . 


Conversely,  if  for  some  A  the  equation  (16.13)'  admits  a  non-zero 
solution  in  H2  ,  (GjlB.])  then  A  is  an  eigenvalue  of  A  with  eigen- 
element given  by  (16.13).   We  shall  refer  to  (16.13)'  as  a  higher 
order  eigenvalue  problem.   We  shall  still  refer  to  A  for  which  a 
non-trivial  solution  <t>  of  (16.13)'  exists  (<|>€H0m  T  (G;[B,}))  as 
an  eigenvalue  and  to  <|>  as  an  eigenelement.   By  the  above  the 
sequence  of  eigenvalues  of  A  coincides  with  the  sequence  of  eigen- 
values of  the  higher  order  problem  (16.13)  • 


17.  Asymptotic  behavior  of  solutions 

We  now  apply  the  abstract  theory  developed  earlier  to  regular 

weighted  elliptic  boundary  value  problems  (  ^2,  (BA  ,  ;  P) .   Denote 

+ 

by  I    the  part  of  P  situated  in  t  >  0.   Our  object  in  this 

section  is  to  investigate  the  asymptotic  behavior  as  t  — >  +00  of 
solutions  u(x,t)  of  the  homogeneous  boundary  value  problem: 
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f^(x;Dx,Dt)u  =0   in  T  + 
(17.1)     { 


[b.(x;Dx)u  =  0  on  side  of  dp+  ,     j  =  l,...,m  . 

Using  the  reduction  to  the  abstract  first  order  problem  given  in 
the  previous  section  we  are  led  to  consider  the  asymptotic  behavior 
of  functions  U(t)  with  values  in  the  Banach  space  X  =  d3  which 
are  solutions  of  the  equations: 

(17.1)'  DtU  -  AU  =  0   for  t  >  0  . 

As  was  mentioned  before,  solutions  of  (17.1)'  will  be  assumed 
to  be  strongly  continuous  and,  as  elements  of  Y  =  Q>    ,  strongly 
differentiable,  the  derivative  being  strongly  continuous  in  Y. 
This  determines  the  class  and  the  sense  of  solutions  of  the  higher 
order  equation  (17-1)  which  for  convenience  we  formulate  as 

Definition:   A  function  u(x,t)  will  be  called  a  solution  of  (17-1) 

if  it  satisfies  the  following  conditions  on  the  half-line  t  >  0: 

(i)   u  is  a  function  of  t  with  values  in  H0  T  (G:tB.l)  (we  shall 

2m, Lp     j 

also  write  u  =  u(«,t)).   As  a  function  with  values  in  Hp   .  L  (G), 

'  P 
u(-,t)  is  strongly  continuous  and  possesses  (strongly)  a  strongly 

continuous  derivative  D.u. 

(ii)   u(-,t)  possesses  also  higher  order  derivatives  in  t  of 

orders  j  =  2,...,£  in  the  following  sense:   Let  u^  =  Dfcu.   It  is 

assumed  that  u,(-,t),  as  a  function  with  values  in  H2m_2d  L  (G),  is 

1  r~»k 

If  one  considers  solutions  in  a  cylindrical  section  |    the 

conditions  should  hold  for  a  <  t  <  b. 
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strongly  differentiable,  the  derivative  being  strongly  continuous. 

Continuing  in  this  manner  step  by  step  having  defined  u.  =  D^u  as 

J    t 

a  strongly  continuous  function  with  value  in  H0   .,  T  (G)  we  assume 

2m-jd,Lp 

(for  j  <  i)  that  as  a  function  with  values  in  H0  ,   .,,».  T  (G), 

2m-(j+l)d,L 

u.(*,t)  possesses  (strongly)  a  strongly  continuous  derivative  and 
we  let  u.,,  =  D.u.  =  D^+1u. 

J"1"  J-       v     J       Z 

(iii)  For  each  fixed  t  the  following  relation  holds: 

H-l 


3=o 


^_.u.  =  0    (inLp(G)) 


where  we  assume  that  ^  is  given  by  (16.1)  and  the  J{  ■   are  the 
corresponding  differential  operators  in  x. 

Remark;   We  shall  later  show  that  actually  any  solution  of  (17.1) 
when  considered  as  a  function  of  t  with  values  in  the  Banach  space 
H2m  L  (G*fBi^  )  is  analytic  in  t  for  t  >  0.   This  is  even  true  for 
solutions  which  a  priori  are  taken  in  some  weaker  sense. 

With  the  above  definition  of  the  class  of  solutions  of  the 
higher  order  problem  we  have  a  one-to-one  correspondence  between 
solutions  of  (17.1)  and  solutions  of  (17-1)'.   Thus,  if  u  is  a 
solution  of  (17-1)  then  U  =  (u,D.u, . . . ,D.~  u)  is  a  solution  of 
(17.1)  and  conversely,  if  U  =  (u,u,,...,u»  ,)  is  a  solution  of 
(17.1)'  then  u  is  a  solution  of  (17.1)  and  u.  =  D^u.   We  shall 
refer  to  two  such  related  solutions  u  and  U  as  companion  solutions. 

When  studying  the  asymptotic  behavior  of  solutions  special 
exponential  solutions  play  an  important  role.   We  recall  (see  the 
Introduction)  that  an  exponential  solution  of  (17-1)'  is  a  solution 
E(t)  of  the  form: 


■ 
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(17.2)  E(t)  =  e  °  P(t) 

where  P(t)  is  a  polynomial  in  t  with  coefficients  in  &      (more 

P 

precisely  in  jO^)-      a  necessary  and  sufficient  condition  for  E(t) 
to  be  a  non-zero  exponential  solution  with  P  a  polynomial  of  degree 
s-1  >  0, 

s-1 
(17.2)'    P(t)  -  J  +itJs   +...  +  (s^j.)T  £  .    (L   t   0)  . 

is  that  AQ  be  an  eigenvalue  of  A  and  (A-A  )jj>  =  0,  (A-A  )J>  =  t        , 
k  =  2,...,s.  We  also  recall  that  if  E(t)  is  an  exponential 
solution  with  P(t)  given  by  (17-2)'  and  if  we  let 

, . ,  xS-l-k 
P,(t)=I   +itf     +  ...  +  \lti   .  n  I.  , 
k       s-k    Xs-k-l       (s-l-k).'  ^x  ' 

iA  t 
then  E.  (t)  =  e  °  PjJt)  for  k  =  l,...,s-l  are  also  exponential 

solutions  called  the  associates  of  P. 

Similarly  one  calls  a  solution  e(',t)  of  the  higher  order 

equation  (17.1)  an  exponential  solution  if  it  has  the  form: 

iA  t 
(17-3)  e(-,t)  =  e  °  p(-,t) 

where  p(-,t)  is  a  polynomial  in  t  with  coefficients  belonging  to 
H2m  L  (Q;*-Bi^-   xt  is  readily  checked  that  if  e(.,t)  is  an 
exponential  solution  of  (17.1)  then  its  companion 

E(t)  =  (e,Dte, . . . ,D^"1e)  is  an  exponential  solution  of  (17.1)'  with 
the  same  exponent  A  and  vice  versa.   The  degree  of  the  polynomial 
p  minus  1  is  called  again  the  index  of  the  exponential  solution 


. 
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(l7«3)»   One  defines  the  associates  of  e  in  the  following  manner: 
let  E  be  the  companion  of  e  and  let  ]L,  k  ■  2,...,s  be  its 
associates,  then  the  associates  of  e  are  the  companions  e,  of  E,  . 

The  exponent  A  of  an  exponential  solution  e  is  always  an 
eigenvalue  of  A  or  (see  previous  section)  an  eigenvalue  of  the 
higher  order  eigenvalue  problem: 

(17.4)   ^(x;Dx,A0)(i>  =  0  ,   <t>*H2m^L  (Gj[B^  )  ,    J>  j<  0  . 

Using  Theorem  5.4  we  observe  that  the  sequence  of  exponents  \*A   of 
all  exponential  solutions  is  a  discrete  set.   Furthermore,  if  5  >  0 
is  sufficiently  small  the  double  angle  | arg  (±A)|  ^   6  contains  only 
a  finite  number  of  eigenvalues,  so  that  in  particular  there  are 
only  a  finite  number  of  A  in  every  strip  |lm  A|  <   K.   We  also  note 
that  the  space  of  exponential  solutions  with  the  same  exponent  Aq 
is  finite  dimensional,  and  that  the  index  of  an  exponential 
solution  never  exceeds  the  order  of  A  considered  as  a  pole  of 
R(A;A). 

Theorem  5.4  shows  that  the  resolvent  R(A;A)  possesses  the 
various  properties  required  in  the  different  asymptotic  theorems 
established  in  Chapters  1  and  2  .   Thus  all  these  results  apply  to 
solutions  U  of  (17.1)'.   We  shall  confine  ourselves  here  to 
Theorem  2.3  (in  §5)  which  gives  the  strongest  conclusions  and 
reformulate  these  for  solutions  u  of  the  higher  order  problem 

(17.D. 

It  will  be  convenient  from  now  on  to  assume  that  all  solutions 
U(t)  of  (17-1)  (in  t  >  0)  which  we  consider  are  also  strongly 


. 

■■' 

■ 

■ 

. 

■ 


I 


• 


. 


165 


continuous  for  t  ^_   0  (this  could  be  achieved  if  necessary  by 
translation  without  affecting  the  asymptotic  properties).   For 
solutions  u  of  (17-D  this  means  that  D^u  (j  =  0,...,i-l)  considered 
as  functions  with  values  in  H2m_.d  j.  (G)  are  strongly  continuous 
for  t  ^_   0.   We  further  restrict  our  attention  to  solutions  which 
grow  at  most  exponentially  as  t  — >+co.   More  precisely,  we  shall 
say  that  a  solution  U  of  (17.1)'  belongs  to  the  class   dC^   where 
o>  is  a  real  number  and  1  <   q  <  od  ,  if  e03  ||U(t  )||  £  L  (0,co  )  when 
1  <  q  <  co  ,  while  ea)t||U(  t  )  ||  =  o(l)  as  t  — >  +oo  when  q  =  co  . 
Similarly  we  shall  say  that  a  solution  u  of  the  higher  order  problem 
belongs  to  X    if  its  companion  belongs  to  <*-   ,  that  is 

eCDt||DJ'u(-,t)||2m_jd)L  €  Lq(0,oo  )   for  J  -  0,...,J-1  ;   1  <  q  <  co 

e^HD^uCtHl^.^^od) 

as  t  —-   +oo  for  j  =  0,...,£-l     if  q  =  co  . 

With  each  solution  u  belonging  to  some  class  £  we 

cu,  q 

associate  a  formal  "Fourier"  series: 

co 
(17-5)  u  »  5   e,, 

k=l  K 

IVt 

where  e^  =  e    p,  are  exponential  solutions  with  different 

exponents  X^  satisfying  Im  A,  >   co.   The  definition  of  this  formal 
expansion  is  as  follows:   consider  the  companion  U  of  u  and  define 
its  formal  Fourier  series  as  in  §5-   That  is,  consider  the  vector 
valued  function  R(A;A)U(0)  which  (using  Theorem  5-4)  is  a 
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meromorphic  function  of  A  with  poles  at  the  eigenvalues  of  A 

(actually  the  function  is  regular  for  Im  A  ^_  co).   Let  {A.~$?°  be  the 

sequence  of  eigenvalues  of  A  situated  in  the  half -plane  Im  A  >cd,  and 

iA  t 
let  Ek(t)  =  e    Pk^  be  the  exP°nential  solution  which  is  the 

oo 
residue  of  R(A;A)U(0)  at  A  =  Ak>   The  series  YZ.  \^^   was  called 

by  us  the  formal  Fourier  expansion  of  U.   If,  now, 

E,  "t-1 


CO 


-  (ek,D  e,, . .  .  ,D,~  e.)  we  define  >    e.  to  be  the  formal  Fourier 
series  of  u  and  write  (17- 5)-   It  will  be  assumed  in  the  following 
that  the  Fourier  series  is  arranged  so  that  Im  A.  forms  a  non- 
decreasing  sequence. 

The  main  asymptotic  result  here  is 

Theorem  5.6:   Let  u  be  a  solution  of  (17.1)  belonging  to  some  class 
£o>>q  (1  1  q  1  od  )•   Then: 

( i)   u  considered  as  a  function  of  t  with  values  in  the  Banach 
space  Hp  L  (G; IB .1 )  is  analytic  for  t  >  0.   Moreover  there  exists 
6  >  0  depending  on  A  such  that  u  can  be  continued  analytically  into 
the  angle  | arg  t|  <  6  in  the  complex  t-plane. 

(ii)  The  formal  Fourier  series  (17. 5)  of  u  is  an  asymptotic 
expansion  in  the  following  sense:   Let  J  be  a  half-strip  in  the 
complex  plane  of  the  form:   | Im  t|  <  K,  Re  t  >  K  cot  6+1.   Given  a 
number  a  >  (x>   let  A  , . . . ,  A.,  be  the  eigenvalues  (exponents)  in  the 
strip  a)  <  Im  A  <  a.   Let  e  >   0   be  such  that  Im  A,  <  a-e  for 
k  =  1,...,N.   Then  the  following  inequality  holds  for  t<feJ: 

||DJ(u(.,t)  -ZZek(.,t))||gm>VG) 

<constant(g||Dlu(.,0)||£m.(1+1)d(Lp)e-'a-e»Ret 
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for  j  =  0 , . . .  .   Here  the  constant  depends  on  a ,  e ,  j ,  6 ,  K  ( and 
in  general  on  A)  but  not  on  the  solution  u. 

Proof:   It  will  suffice  to  establish  (17-6)  for  j  =  0,  the 
estimates  for  the  other  derivatives  follow  easily  from  this  by 
Cauchy's  formula  using  the  analyticity.   One  can  further  assume 
without  loss  of  generality  that  q  =  1.   Indeed,  if  u  e  £_  then 

u  €  «C  ,    for  every  co1  <  oo.   Thus  assuming  we  have  established 
the  theorem  for  this  class  it  would  follow  that  (17.6)  holds  with 
the  difference  that  the  Fourier  expansion  of  u  might  now  contain 
additional  exponentials  with  exponents  in  the  strip  co'  <  Im  A  ^_  ai. 
This,  however,  is  ruled  out  by  the  assumption  u  e  X    .   Finally, 
we  can  also  assume  that  <o  =  0  since  we  can  replace  u  by  v  =  e  u. 

Summing  up  it  suffices  to  establish  the  theorem  for  j  =  0 
and  u  «  £0  ..   Let  U  =  (u,D.u, . . .  ,D,  ~  u),  then  U  is  a  solution 
of  (17.1)'  which  belongs  to  L,  on  t  ^  0.   We  now  apply  to  U 
Theorem  2.3  of  the  abstract  theory,  with  X  =  i2>  ,  Y  =  @)   .   By 
Theorem  5.4,  R(A;A)  (A  non-eigenvalue)  takes  Y  boundedly  onto  X 
and  is  analytic  in  A.   Also,  if  6  >   0  is  the  constant  appearing  in 
Theorem  5.4  then  there  are  only  a  finite  number  of  eigenvalues  in 
the  double  angle  | arg  (±A)|  ^   6  and  for  A  sufficiently  large, 
|A|  >  c,  in  the  double  angle:   |R( A; A) |x  =  0( | a| l~1)    ( A  -v  co  ) . 
Thus,  all  the  conditions  of  Theorem  2.3  hold  with  0,  =  ©2  =  6  and 
a  any  small  positive  number.   From  the  theorem  it  follows  then  that 
U(t)  is  analytic  in  the  angle  | arg  (t-a)|  <   6  (and, since  a  >  0  is 
arbitrary,  in  |arg  t|  <  6)  where  it  satisfies 
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(17.7)      |U(t)    -  YZ  Ek<  t^x  1  constant    |u(0)|y  e"  ^  -   ec|lm  fct 

i-1 

where  E^  =  {e^D^e^, .  . .  ,D^     e^) )  and  u.  =  Re  t  -  a  -  ( Im  t)  cot  6  and 
the  constant  depends  only  on  6,  a,  e  and  A.   In  particular, 
restricting  t  to  the  strip  J  we  obtain: 

(17.7)'   |U(t)  -  YH   Vt}|X  -  constant  |U(0)lYe-(a-e)Re  t 

with  constant  dependence  as  in  the  theorem.   The  analyticity  of  u 
and  (17.6)  (with  j  =  0)  follows  now  immediately  by  taking  first 
components  of  U  etc.,  using  the  analyticity  of  U  and  (17-7)'. 
This  completes  the  proof. 

Remark:   For  standard  elliptic  problems  (and  probably  also  in  the 
general  case)  the  growth  restrictions  on  u  in  Theorem  5*6  could  be 
relaxed  considerably.   Indeed  in  this  case  ( &  =   2m)  it  suffices  to 
assume  that  e'0  ||u(-,t)||L  ,„s   e  L  (0,co)  for  some  1  ^_   q  <  gd  or 
e^   l|u(-,t)|L  /G\  =  o(l)  in  order  that  the  conclusion  of  the 
theorem  should  hold.   To  see  this  we  first  note  that  by  the  same 


reduction  as  used  in  the  proof  of  Theorem  5-6  it  suffices  to 
consider  the  special  case  ||  u(  • ,  t  )||  e  L,  (0,oo  )  (co  =  0,  q=  1). 
denoting  by  f   the  section  of  the  cylinder  [~~*  contained  in 


Now, 


a  <  t  <   b,  it  follows  (essentially)  from  the  a  priori  L  estimates 
established  in  Agmon,  Douglis,  Nirenberg  [l]  that  the  following 
majorizations  hold  (the  norms  are  in  all  (x,t)  variables): 


(17.8)  ||u(x,t)||  <  constant  ||u|| 


- 


.-       .       ■  a       !  i  ... 


"  •:  ■     ■  .  ' 
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for  k  =  1,2,...,  the  constant  being  independent  of  k.   Summing 
(17.8)  with  respect  to  all  k  we  find  that  our  assumption  implies 
that  u  fr  £  0  1?  and  hence  Theorem  5.6  holds  under  the  seemingly- 
much  weaker  growth  restriction. 

As  an  immediate  corollary  of  Theorem  5.6  we  obtain  a 

Phragmen-Llndelflf  Principle:   Let  u  be  a  solution  of  (17.1) 

belonging  to  some  class  £    .   Let  A  >  0  be  the  distance  of  the 

uj,  q 

subset  of  eigenvalues  *k  of  (17.4)  situated  in  the  half -plane 
Im  X  >  co  from  the  boundary  Im  A  =  co.   Then,  for  every  e  >  0  and 
J  -  0,1,...,: 

ll^u(.,t)||2m^L  {G)  A   0(e-(a>fA-e)t)   as  t  —+oo  . 

We  conclude  this  section  with  an  application  of  the  abstract 
Weinstein  primciple  of  §6  concerning  solutions  defined  on  the 
whole  real  axis. 

Theorem  5«7-   Let  u(x,t)  be  a  solution  of  the  corresponding 

boundary  value  problem  (17.I)  defined,  however,  in  the  whole 

cylinder  P .   Suppose  that  u  is  of  class  £     for  t  >   0  and  also 

^  o^q       _ 

that  u(x,-t)  is  of  class  £      for  t  >  0.   The  following  holds: 

co1,q1 

(i)      If  co  +  tDx  ^  0,    then  u  =  0. 


(ii)  If  co  +  co,  >  0  then  u  is  a  finite  sum  of  exponential  solutions 

Ifc  t 

ek  =  e    pk  where  Xfc  is  an  eigenvalue  of  (17.4)  satisfying 

-co,  <  Im  X.  <  co. 

The  theorem  is  an  immediate  consequence  of  Theorem  2.5  and 
Theorem  5-4  applied  to  the  companion  solution  U  =  (u,D, u, . . . ,D  ~  u) 


,  ■  . 
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noting  (as  in  the  proof  of  Theorem  5.6)  that  without  loss  of 
generality  we  may  assume  q  =  q,  =  1. 

The  remark  which  follows  the  proof  of  Theorem  5.6  applies 
also  to  Theorem  5. 7.   Namely,  for  ordinary  elliptic  problems,  and 
probably  also  in  the  general  case,  one  can  replace  the  growth 
restrictions  in  the  theorem  by  the  following  weaker  assumptions: 
e   II  u  (-  ,t)||L  »6j  £  L q(0,co  )  for  some  1  <   q  <  co  or 

00  t 
emt||u  (-,t)||  =  o(l)  for  t  — »+co,  and  e  X   llu  ( •  ,-t)||T  ,„,  e- L  (O.oo) 

•1*.  P      ^ 

for  some  1  <  q1  <  00  or  e  x    fu(-,-t)||L  =  o(l)  for  some  t  — >  +00  . 

P 
We  observe  that  if  (ii)  of  Theorem  5.7  holds  and  if  there  are 

no  eigenvalues  in  the  strip  -ax,  <  Im  A  <  00  it  follows  that  u  =   0. 

This  (and  (i))  gives  a  kind  of  a  Phragmen-Lindel8f  principle  for 

solutions  u  defined  in  the  whole  infinite  cylinder.   On  the  other 

hand,  if  there  are  eigenvalues  in  the  strip  their  number  is 

necessarily  finite.   Hence,  the  space  of  solutions  satisfying  the 

growth  restrictions  of  the  theorem  for  fixed  o>,  a),  is  finite 

dimensional,  the  dimension  being  equal  to  the  sum  of  dimensions  of 

the  generalized  eigenspaces  of  A  corresponding  to  the  eigenvalues 

in  the  strip. 

Remark:   One  might  expect  that  the  space  of  solutions  of  an  elliptic 
problem  in  a  doubly  infinite  cylinder  with  reasonable  boundary 
conditions  and  behaving  reasonably  at  infinity  is  finite 
dimensional  even  for  operators  whose  coefficients  are  allowed  to 
depend  on  t  —  provided,  say,  the  operator  is  uniformly  elliptic. 
This  is,  however,  not  the  case,  as  may  be  seen  with  the  aid  of  a 
result  of  A.  Plis.   Plis  [l]  has  constructed  an  elliptic  operator 
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T  with  real  leading  coefficients  for  which  there  is  a  nontrivial 
solution  v  of  Tv  =  0  with  compact  support.   We  may  suppose  that  v 
vanishes  outside  the  unit  sphere.   Let  now  p  be  the  doubly 
infinite  cylinder  over  a  unit  sphere,  and  let  L  be  an  elliptic 
operator  in  P  with  coefficients  periodic  (period  2tt)  in  the  x  , 
direction,  parallel  to  the  sides  of  the  cylinder,  and  such  that 
L  =  T  in  the  unit  sphere  about  the  origin.   Such  a  uniformly 
operator  L  is  easily  constructed.   For  j  =  an  integer  let 
v.  =  v(x,  ,...,x  -  -  2ir  j  ) ,  where  v  is  the  solution  constructed  by 
Plis.   The  functions  v.  all  have  zero  Cauchy  data  on  the  sides  of 
the  cylinder,  have  compact  support,  and  are  linearly  independent. 

18.  Completeness  of  exponential  solutions 

Continuing  the  investigations  of  the  previous  section  we 
turn  now  to  the  problem  of  completeness  of  exponential  solutions. 
We  shall  make  use  of  the  abstract  completeness  results  (Theorems 
2.7,  2.8)  and  the  information  on  the  lower  order  of  R(7\;A) 
formulated  as  Theorem  5«^'«   Since  this  theorem  was  established 
only  for  p  =  2  we  shall  impose  this  restriction  in  the  following 
discussion. 

We  shall  denote  by  WQ,  0a  real  number,  the  triplet: 

(18.1)        (^(x;Dx,eieDfc)jBJ(x;Dx)};P) 

where  Wq  =  ( <y£(x;Dx,Dt ) ,  £B  (x;Dx)  };  P  )  is  the  given  regular 
weighted  elliptic  boundary  value  problem  of  order  type  (2m,  .2). 
Our  completeness  results  will  be  proved  under 
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Hypothesis  C:   Either  d  >  n  or,  if  d  <  n,  assume  that  there  exist 
numbers  0  =  9q   <   9^   <    ...  <  9q   <  9^+1   =  v   such  that 

(18.2)  dj+1-ejl^Tf  for  j  =  0,...,s  , 

and  such  that  W0  is  a  regular  weighted  elliptic  problem  for 

J 
J  =  l,...,s. 

We  observe  that  hypothesis  (18.2)  is  of  an  algebraic  nature. 

For  W0  (0  <  |0|  <  w)    to  be  a  regular  problem  one  needs  simply  that 

cA  (x;Dx,e  D^)  be  also  elliptic  (with  the  additional  "roots 

assumption"  for  n  =  1)  and  that  this  operator  together  with  the 

boundary  system  [B.(x;D  )?  satisfy  the  algebraic  complementing 
J    x 

condition  on  dp.   We  also  add  the  following 

Remark;   If  W^  is  a  regular  problem  then  also  WQ   is  a  regular 
problem  (the  algebraic  conditions  remain  invariant  under  the 
substitution  t  — >  -t).   Also,  if  W0#  is  regular  then  it  follows  by 
continuity  that  WQ  is  regular  for  all  9   with  |0-0*|  <  e,  e  >  0 
sufficiently  small.   Prom  the  last  observation  it  follows  that  if 
Hypothesis  C  holds  then  without  loss  of  generality  we  may  assume 
that  (18.2)   hold  as  strict  inequalities.   Also  in  the  trivial 
situation  of  the  hypotheses  d  >  n,  we  can  always  choose  a  0,  >  0 
sufficiently  small  so  that  W,,  be  regular  so  that  also  in  this 
case  (18.2)  holds  for  the  triplet  0  =  9q   <   9±   <   92   =  ir.   In  the 
Following  when  the  hypotheses  will  be  used  it  will  be  assumed  that 
the  9 .   were  modified  so  as  to  have  strict  inequalities  and  that  we 
also  have  (18.2)  in  the  trivial  situation  as  explained. 
We  pass  now  to  the  completeness  theorems. 


... 
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Theorem  5.8:   Let  (  <A,  [B.^j  P  )  be  a  regular  weighted  elliptic 
boundary  value  problem  which  satisfies  Hypothesis  C.   Let  u  be  a 
solution  of  the  homogeneous  boundary  value  problem  (17.1)  in  the 
semi-infinite  cylinder  |    in  the  sense  described  previously. 


1 


0,1 


and  let 


00 
u(-,t)  «*  Y~  e  .  ( ■  ,  t ) 
j=l  J 

be  the  formal  Fourier  expansion  of  u,  e .  being  an  exponential 
solution  of  index  m..   Then,  given  e  >   0,  N  >   0  and  an  integer 
K  >  0,  there  exists  a  linear  combination  f   of  exponential  solutions 
of  the  form: 

M   Vi     k 

(18.3)  *(',t)  =  ZZ  1 aikDtei 

j=l  k=o  Jlc  z   J 

such  that 

(i8.3)'       iri(u(-,t)  -*(-,t)y, 


for  t  >  e  and  j  =  0,1,..., K. 

Proof:   Let  U  -  (u,Dtu, . . . ,D^_1u) .   Then,  U(t)  is  a  solution  of 
(17.1)'  or 

D.U  -  AU  =  0  for  t  >  0  . 

Also  U(t)  £  11,(0,00  )  by  our  assumption  on  u.   Using  Theorem  5.4' 
we  find  further  that  the  lower  order  a>(A)  of  RU;A)  does  not 

n 

d' 


1  This  can  be  replaced  by  the  weaker  assumption  u(x,t)£L1(P  ). 


.     c 


. 


nk 


exist  numbers  0=0  <  0,  <  .  .  .  <  6, 
o    1        k 

0j+1  -  0j  <  -TT  and  such  that  WQ  is  a  regular  weighted  elliptic 

boundary  value  problem  for  j  =  0,1,..., k+1.   Making  use  of  Theorem 

5.4  (applied  to  WQ  )  it  follows  that  along  each  of  the  rays: 

J 
arg  A  =  0   (j  =  0,...,k+l)  the  resolvent  R(A;A)  exists  for  A 

sufficiently  large  and  satisfies: 

(18.4)        |R(A;A)|   =  OdAl^"1)     (arg  A  =  0.  ,   A  ->  co  )  . 


Thus  U  and  A  satisfy  the  conditions  of  Theorem  2.7,  and  it  then 

follows  that  If  Y~  E.  is  the  formal  Fourier  expansion  in 
J 

exponential  solutions  of  U,  then  there  exists  a  finite  sum  of 
exponential  solutions  l)J  of  the  form: 

m,-l 


(18-5)         ?(t)  =  YZ    tH   aikDtEi 
j=T  k=0 


m.  being  the  index  of  E.,  such  that 

(18.5)'    |D^(U(t)  -f(t))j  ,  1  ee_Nt  for  t>e,   j  =  l,...,K. 

''  P 

(Here  one  can  take  a  and  the  f.,  j  =  1,...,K,  of  Theorem  2.7 
arbitrarily  small.)  The  desired  result  (18.3)1  is  an  immediate 
consequence  of  (18.5)'  and  (18.5)  by  restriction  to  first 
components  of  the  vectors  U,  |. 

A  very  similar  completeness  result  holds  for  solutions  in 
finite  cylinders.   The  only  difference  is  that  now  one  must  take 
all  exponential  solutions. 
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Theorem  5.8'  :   Let  (  A,\BA  $P  )  satisfy  the  conditions  of  Theorem 

5.8.   Let  u  be  a  solution  of  the  corresponding  groblem   < 17- 1 ) 

T 
for  a  finite  cylinder  P_T  (the  part  of  P  in  |t|  <  T).   Then  given 

e  >  0  and  an  integer  K  ^_  0  there  exists  a  finite  sum  of  exponential 

solutions  if/   such  that 


||DJ!(u(.,t)  -^(•>t))ll2m,L  (G)  -  E  for  |t|  1  T-e  ,   J  =  0,..*,K  . 

The  proof  of  the  theorem  is  exactly  the  same  as  the  proof  of 
Theorem  5.8  using  instead  Theorem  2.3  of  the  abstract  theory  and 
using  the  previous  observation  that  regularity  of  WQ  implies 
regularity  of  Wfl   ,  so  that  R(A;A)  actually  satisfies  (18.5)  along 
the  straight  lines  A  =  p   J,  -00  <  p  <  00  ,  |p|  sufficiently  large 
and  — >  00 .   We  note  in  passing  also  the  following  result  which  uses 
the  same  observation. 

Theorem  5.S" :  Let  (e/?,£B.T;;  P  )  satisfy  the  conditions  of  Theorem 
5 . 8  and  let  A  be  the  corresponding  operator  acting  on  <$  2 .  Then 
the  generalized  eigenelements  of  A  are  complete  in   <$p. 

This  result  follows  easily  from  the  properties  of  the 
resolvent.   For  a  proof  see  Agmon  [2,  Theorem  3-2]. 

Let  us  consider  some  special  concrete  case.   Consider  first 
the  case  of  two  dimensional  weighted  elliptic  boundary  value 
problems,  i.e.  n  =  1.   Then  £  ^  1.   Hence,  without  any  additional 
assumptions  we  have  completeness  of  exponential  solutions  in  this 
case  in  the  sense  of  Theorems  5-8,  5.8'. 

Another  special  case  is  when  cA.  is  elliptic  of  order  2m  and 
such  that,  at  any  point,  its  principal  part  may  be  expressed  as  a 
product  of  m  second  order  operators: 
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k=l  t      1J  xi  xj 

(k) 
with  real  coefficients  a.).    .   Then  the  operator 

k=l     t      1J   xi  xj 

are  elliptic  for  every  0  ^  ±  ^.   If  the  boundary  system  {B.I    is 
such  that  the  complementing  condition  holds  with  respect  to  these 
operators  (this  will  be  the  case,  for  instance,  for  the  Dirichlet 
boundary  conditions,  or  if  B.  =  (r-)  °   where  p  is  a  variable  non- 
tangential  direction  on  oG,  and  0  <  k  <  m-1)  then  all  the  problems 
WQ  for  0  4   ±  75  are  regular  problems,  so  that  Hypothesis  C  holds. 
Consequently  we  have  completeness  of  exponential  solutions  as 
formulated  in  Theorems  5- 8  and  5.8'. 

We  mention  that  in  the  special  case  of  the  bi -harmonic 
equation  in  two  variables  (Dirichlet  boundary  values)  a 
completeness  result  for  a  semi-infinite  strip  was  previously 
established  by  Smith  [l]  (also  Lax  [2]  for  a  different  proof). 
This  result  is  of  course  contained  in  each  of  the  two  special 
situations  described  above. 

19.  Stability  and  exponential  decay  of  solutions  at  infinity 

Let  («>?,£B.^™;P)  be  a  regular  weighted  elliptic  boundary 

value  problem  order  type  (2m,i)  with,  as  before,  d  =  -j-   an  integer, 

and  6-4  given  by  (l6.1). 

In  this  section  we  are  interested  in  the  behavior  as  t  — ■>   00 

of  solutions  of  an  elliptic  problem  in  the  half  cylinder  P 


I 
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(19.1)       Ji  (x,t;D    .D. )u  =   f    ,  B.u  =   0     on   side  of   cylinder 

XT/  J 

where  f  — >  0  in  some  sense  as  t  — >  co  and  where  the  coefficients 
of  tA.    may  depend  on  t,  but  so  that  ^4  approaches  (A.  as  t  — >•  oo  . 

In  general,  in  treating  such  questions  of  limiting  behavior 
one  should  also  permit  the  operators  B.  to  depend  on  t  and  permit 
f(x,t)  to  tend  to  some  function  g(x)  not  necessarily  zero.   However 
we  shall  confine  ourseles  to  the  more  special  situation;  by 
suitable  modifications  of  the  methods  employed  here  it  is  also 
possible  to  treat  some  more  general  cases.   A.  Friedman  has  made 
an  extensive  study  of  behavior  at  infinity  of  solutions  of  equations 
of  the  form 

w  -  «*:<*»*'VU  ■ f 

where  Ji   is  strongly  elliptic,  as  well  as  certain  nonlinear 
equations,  see  Friedman  [1-3]. 

In  practice  (say  for  well  posed  problems)  it  is  often 
possible  to  obtain  exponential  bounds  for  solutions  of  (19.1)  and 
their  derivatives,  and  we  shall  assume  that  such  bounds  maintain; 
in  fact,  after  multiplication  of  u  by  a  suitable  factor  e~   we 
may  suppose  that  the  solutions  are  bounded  (in  some  sense)  at 
infinity. 

We  shall  apply  the  results  of  §3,  in  particular  Theorem  1.2" 

which  requires  however  that  the  spaces  X  and  Y  be  Hilbert  spaces. 

We  shall  therefore  consider  the  spaces  X  =  0  ,  Y  =  (j6  with  p  =  2 

and  denote  the  L0  norm  in  the  x  variables  of  a  function  v  by  ||v||, 
2  L2 

and  set 
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j<Jj      x  t   L2 
i^2m-jd 

We  express  equation  (19.1)  as  well  as  the  condition  that  the 
coefficients  of  Jl   tend  to  those  of  J\.   by  the  inequality:   for 
every  t  >  0,  u£H2mjL  (G;^  ) 

(19.2)         |U(x;Dv,D.  )u||    <  — 2-—  |||u|||  +b(t) 
x  t        L2  ~  (l+t)k 

where  b(t)  is  scalar  valued.   Here  c  is  constant  and  k  is  a  non- 
negative  integer;  in  some  cases  we  shall  take  k  =  0.   If  we 
introduce  the  analogous  system  as  in  §l6  setting  u  =  uQ, 
U  =  (u  ,D .u  , ..  .,D/l"1uo)  and  defining  A  by  (16.3)1,  the  inequality 
takes  the  form,  with  L  =  D, -A 

|LUlYlTT^F^|ulx+l|D"UollV)+b(t) 

with  a  different  constant  c.   Since  ||Dtu||L  <  |LU|y  +  constant  |u|x, 
for  small  c  the  inequality  may  be  written  in  the  form 

(19-3)         |LU|   <  2-t-  |U|   +  b(t) 

Y   (l+t)k    A 

with  c  and  b(t)  slightly  changed.   We  note  also  that  then  the 
inequality 

(19.4)  lllulH  <  C(|U|X  +  b(t)) 

also  holds,  with  some  positive  constant  C  independent  of  u. 
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We  first  present  a  result  in  which  a  solution  which  is 
bounded  by  an  exponential  is  shown  to  decay  faster  than  that 
exponential.   In  the  following  p  >  1  is  a  fixed  finite  number.   We 
shall  use  R(A)  as  defined  at  the  end  of  §16. 

Theorem  5»9«   Assume  that  the  boundary  value  problem 

^(x;Dx,A)u  =  0  ,  ufeH2m,L  {G''-B^) 

has  no  nontrivial  solutions  for  A  in  the  strip  e  <  Im  A  <  e,,  i.e. 
there  are  no  eigenvalues  in  the  strip.   By  Theorem  5.4  it  follows 
that  there  are  no  eigenvalues  in  a  larger  strip  e  <  Im  A  <  a,  for 
a  >  e,.   Assume  that  on  the  line  Im  A  =  e,  R(A;A)  has  poles 

(necessarily  finite  in  number)  of  maximal  order  k  ^_  0.   Assume 

a '  t 
that  u  is  a  solution  of  (19-2)  with  e   b(t) £ L  on  t  >  0  for  some 

a1,  e  <  a'  <   a.   Assume  furthermore  that  e   |||u|||  belongs  to  L  . 

Then,  if  c  is  sufficiently  small,  the  inequality 

1 


(19-5)      /     Iea,t|||u||||    dt  <  c/|||u|||pdt  +  cf    |ea,tb(t)|: 


|e--to|||u||||P 

0  0  0 

holds,  for  some  constant  C. 

Proof;   By  our  hypothesis  ee  |u|y  belongs  to  L  .   If  we  set 
eetU  =  V,  then  by  (19-3),  V  satisfies 


|(L  +ie)V|  1   c|v|x  +  eetb(t)  . 


With  the  aid  of  Theorem  5 A   we  see  that  the  operator  L+ie 
satisfies  all  the  conditions  of  Theorem  1.2",  with  the  Q,  =  0  and 


180 


all  the  P  =  0  except  P.  =  I.   Applying  the  theorem  we  see  that 
e(a'-e)t|v|^e  L  and  that 

CO  1  CO 

/  |ea'-e)t|v|x|  dt  <Cl  /iV^dt  +  C-L  .J     |ea,tb(t)|Pdt  . 

0  0  '   0 

This,  together  with  ( 19. 4 )  yields  the  desired  inequality. 

Remarks:   1)  In  applying  this  theorem  to  (19.1)  observe  that  if 
k  =  0  the  coefficients  of  <A[x,t;D   .I>t)   are  not  required  to 
converge  to  the  corresponding  coefficients  of  t.4(xjD  ,D,  ),  but 
merely  to  differ  little  from  them  for  large  t. 

2)  We  use  L2  norms  in  the  x  directions  but  L  norms  in  the 
t  direction.  This  may  be  useful  in  case,  say,  b(t)  =  0(t"  )  for 
some  a  >  0.  Then  b(t)  may  not  belong  to  L2  but  will  belong  to  L 
for  p  sufficiently  large. 

3)  From  (19.5)  it  follows  easily  that  as  t  — *-  00 

HdVtuII  =  o(e~a,t)     for  j  <  I  ;    1  <  2m-(j+l)d  . 
x  0 

a '  t 

In  particular  if  b(t)  =  0  we  conclude  that  these  norms  are  o(e~ 

for  any  a1  <   a. 

k)    Suppose  that  u  is  a  solution  of  (19.1)  in  the  full 
cylinder  -co  <   t  <  00 ,  and  suppose  that  <A   is  elliptic,  so  that 
d  =  1.   In  general  one  wants  to  know  if  the  space  of  solutions, 
satisfying  suitable  growth  conditions  at  t  =  ±00,  is  finite 
dimensional.   We  have  shown  in  the  remark  at  the  end  of  §17  that 
this  need  not  be  the  case,  even  if  A   is  uniformly  elliptic. 
However,  if  the  coefficients  of  <A    approach  with  sufficient 
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rapidity  the  corresponding  coefficients  of  A+(x;T>   ,D  )  as  t  ->  ±  oo 
(where  <A  ±  is  an  elliptic  operator  with  coefficients  independent 
of  t  such  that  (A±,lBA;\~i)    is  a  regular  elliptic  boundary  value 
problem)  then  the  space  of  solutions  u  of  (19.1)  with  suitable 
growth  conditions  at  ±00  can  be  shown  to  be  finite  dimensional. 
We  illustrate  this  with  the  following  result.   We  shall  assume  that 
\A  is  uniformly  elliptic  with  bounded  coefficients  and  continuous 
leading  coefficients,  and  we  use  the  notation  of  Theorem  5.9. 
With  a  and  b  fixed  real  numbers,  consider  the  space  of 
solutions  of  (19.1)  on  -00  <  t  <  cd  for  which 

00  0 

7    ,2        P      2at.|    11 2..     ,     P    -2bt„     M2.. 
|u|      =  J      e        ||u||    dt   +  J    e  ||u||    dt 

"0  -co 

is  finite.   Using  the  results  of  Agmon,  Douglis,  Nirenberg  [l]  (see 
(17.8))  one  verifies  that  also 

00  0 

(19.6)  f    e2at|||u|||2dt  +JTe-2bt|||u|||2dt  <  constant  fu|2 
0  -co 

with  the  constant  independent  of  u.   In  order  to  prove  the  finite 
dimensionality  of  the  space  it  suffices  to  show  that  out  of  a 
sequence  of  solutions  with  bounded  |  |  norm  it  is  possible  to 
select  a  subsequence  converging  in  the  norm.   From  (19-6)  it  is 
easily  seen  that  there  is  a  subsequence  converging  in  the  norm 

1/2 


/e2at||u||2dt+/e-Sbt||u 


2dt 
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for  any  finite  T.   The  proof  will  then  be  complete  if  we  can 
establish  a  faster  decay  of  solutions  at  ±00  than  that  implied  by 
the  fact  that  |u|  is  finite  —  if,  for  instance,  we  can  show  that 

00  0 

(19.7)        f  e2a,t||u||2dt  +    f  e-2b,t||u||2dt   <   constant  ]u\2 

J  J 


for  certain  constants  a',  b'  with  a'  >   a,  b'  >  b. 

We  now  add  additional  assumptions  enabling  us  to  derive  such 
an  inequality. 

Assumptions:   On  the  line  Im  A  =  a,  R(A,  Jt    )   has  poles  (necessarily 
finite  in  number)  of  maximal  order  k  ,  and  on  Im  A  =  b,  R(  A,  Jl   ) 
has  poles  of  maximal  order  k  .   Assume  furthermore  that  as  t  — >  ±00 
the  difference  of  each  coefficient  of  J\.    from  the  corresponding 
coefficient  of  ^x+  is  bounded  in  absolute  value  by 


k+  ' 
(l±t)  - 

Under  these  assumptions  we  find  from  Theorem  5. 9  that  if  c 
is  sufficiently  small  then  (19-7)  follows,  indeed  one  has 

00  0 

/    e2a,t|||u|||2dt+/e-2b,t|||u|||8dt 

0  -co 

^  constant  (left  hand  side  of  (19.6)) 

~  2 
<  constant  |u| 


Hence  we  conclude  that,  under  these  assumptions,  the  space  of 
solutions  is  dinite  dimensional. 


•■•■ 
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More  generally,  consider  solutions  of  a  homogeneous  elliptic 

boundary  value  problem  in  an  unbounded  domain  consisting  of  a 

bounded  region  plus  a  finite  number  N  of  tubes  going  to  infinity 

each  of  which  may  be  mapped  onto  a  semi-infinite  cylinder  f"1,, 

j  =  1,...,N  by  "smooth"  mappings  and  suppose  that  the  solutions 

satisfy  some  reasonable  growth  properties  at  infinity.   Suppose 

furthermore  (this  being  very  restrictive  in  practice)  that  in  each 

P.  the  problem  takes  the  form  of  (19.1)  with  the  B.  independent 

of  t,  and  that  the  coefficients  of  <A    in  P .  approach  those  of 

some  operator  c^-.   with  sufficient  rapidity,  where  (  lA  ■ ,  tB  -1  ?»  P  • ) 
J  3         J  J-    J 

is  a  regular  elliptic  problem.   Then  with  the  aid  of  Theorem  5.9 
it  may  be  possible  to  conclude  that  the  space  of  solutions  is 
finite  dimensional. 


.    . 
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